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1 Engineering Mechanics

1
SYSTEMS OF MEASUREMENTS

1.1 Introduction

Engineering Mechanics is the branch of science, which deals with
the study of Laws of mechanics and the application of principles of me-
chanics to solve Engineering problems.  The study of Engineering Me-
chanics is important for an engineer in planning, design and construction
of structures and machines.  Mechanics deals with study of Laws of force
and its effect on bodies.  Mechanics may be divided into statics and Dy-
namics.

Statics is that branch of mechanics which deals with the study of the
force and their effect on bodies at rest.  Dynamics is that branch of me-
chanics which deals with the study of bodies which are in motion.  Dynam-
ics is again subdivided into kinematics and kinetics.  Kinematics is the
study of pure motion whereas kinetics deals with both the cause and effect
of motion.

1.2 Base units and Derived units:

The measurements of physical quantities is one of the most impor-
tant operations in engineering.  The units of physical quantities which are
used to express units of other physical quantites are called as Base or funda-
mental units, Length , mass and time are fundamental quantities and their
units are called fundamental units.

The units of other physical quantities which can be expressed in terms
of fundamental units are called derived units. For example, the units of
area, volulme, speed, etc., are derived units (Table1.2)
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1.3 Systems of Measurements

There are four systems of measurements which are commonly used.
They are

1. FPS System 2. C G S System 3. MKS System
4.  SI System

1.  FPS System :
In this system the units of fundamental quantities length, mass and

time are foot, pound and second respectively.

2. CGS Sytem :
 In this system the units of fundamental quantities length, mass and

time are centimetre, gram and second respectively.

3. MKS System :
In this system the units of fundamental quantities length, mass and
time are metre, kilogram and second respectively.

4. S.I. System :
It is noticed that only length, mass and time are not sufficient to de-

rive physical quantities conveniently. In addition to these, four more physi-
cal quantities and two supplementary quantities are taken. This system is
called International System of Units(SI) and was agreed at the Eleventh
International Conference of Weights and Measures in 1960.

TABLE 1.1 SI UNITS

   Sl.No Physical Quantity Unit    Unit Symbol

Base Units

   1. Length metre m

   2. Mass kilogram kg
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3. Time Second S

4. Electric current Ampere A

5. Thermodynamic        Temperature Kelvin K

6. Luminous intensity candela cd

7. Amount of substance mole mol

Supplementary Units

1. Plane angle radian rad

2. Solid angle steradian sr

Table 1.2 Derived Units

      Sl.No Quantity Unit         Symbol

1. Area Square metre M2

2. Volume cubic metre M3

3. Velocity metre/ second m/s

4. acceleration metre/sq. second m/s2

5. Radius of gyration metre m

6. Density Kilogram-cubicmetre Kg-m3

7. Pressure Newton/sq.metre N/m2

8. Stress newton/sq.metre N/m2

1.4 Multiples and Sub-Multiples
The International System (SI) of units recommends the following multi-

ples and sub multiples for prefixes to be used.

tera (T) 1012 giga(G) 109 mega (M) 106

Kilo(K) 103 milli(m) 10-3 micro(µ ) 10-6

nano(n) 109 pico(P) 10-12 femto(f) 10-15
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1.5 Definition of units of SI System

1. Metre: It is the length equal to 1,650,763.73 times the wave
length in a vaccum of the radiation of orange-red light of Kripton-86 atom.

2. Kilogram: It is the mass of the Platinum-Iridium Cylinder kept at
the International Bureau of weights and measures at Serves (Paris).

3. Second: It is the time equal to the duration of 9,192,631,770
periods of the radiation corresponding to the transition between the two
hyperfine levels of the ground state of Ceasium-133atom.

4. Kelvin: It is the fraction 1/273.16 of the thermodynamic tem-
perature of the friple point of water.  It is the unit of thermo dynamic tempera-
ture.

5. Ampere : It is an electrical current produced between two parallel
conductors placed at a distance of one metre length in vaccume.  It produces a
force of 2 ×  10-7 Newtons per metre of the length.

6. Candela : It is defined as one sixtieth part of luminous intensity
emitted by one square centimetre of a black body radiator at the temperature of
solidification of platinum.

7. Mole:  It is the amount of substance of a system which contains as
many elementary entities as there are atoms in 0.012Kg of carbon 12.

Short Answer Questions
1. Define engineering Mechanics.
2. Explain the branches of mechanics.
3. Define base and derived units.
4. What are the systems of measurements.
5. State the physical quantities with units in SI System.
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2
FORCES AND MOMENTS

2.1 Force

Newton’s first law of motion states that, ‘Everybody continues in its
state of rest or of uniform motion unless it is compelled by an external
force to change that state”.  Hence, force is an action which changes or
tends to change the state of rest of a body or of its uniform motion.

For example, a ball on a table moves when it is pushed.  A moving
car stops when brakes are applied.  Here, the force changes the state of rest
of ball and changes the motion of the car.

2.2 Effects of a force
The following effects may produce in a body when force is acting on
it:
a) If the body is at rest, the force may set it into motion.
b) If the body is in motion, the force may accelerate or retard the

motion.
c) It may balance the force, already acting on a body bringing the

body to rest or in equilibrium
d) It may develop internal stresses in the body, on which it acts.

2.3 Characteristics of a force
The following are the characteristics of a force:
a) Magnitude of the force (Ex 10N, 20 N, etc.,)
b) Direction of force i.e., time of action of force.
c) Nature of the force i.e. push or pull.
d) The point through which the force acts on a body.

2.4. Vectors and scalars
Most of the physical quantities measured in science are classified as

either vectors or scalars.
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Vector: A physical quantity which has magnitude and direction is called as
    vector.
Example: Velocity, momentum, force etc.
Scalar : A physical quantity which has only magnitude but no direction is
called as scalar.
Example: Mass, time, temperature, density, etc.,

2.5 Unit of force
The unit of force in SI System is Newton. Newton is the force which,

when applied to a body having a mass of 1 kg gives it an acceleration of 1m /s2.

2.6 Systems of forces

Force

Coplanar Non-Coplanar

Concurrent Non-Concurrent

parallel Non-Parallel

Like unlike

Fig 2.1 Systems of Forces

Forces can be broadly classified into
a) Coplanar Forces: The forces, whose lines of action lie on the same

plane, are called as coplanar forces (Fig.2.2)
b) Non-Coplanar Forces: The forces, whose lines of action do not lie

on the same plane are called as non-coplanar forces. (Fig.2.3)
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c) Coplanar concurrent forces: The forces, whose lines of action lie in
the same plane and meet at one point, are called as coplanar
concurrent forces (Sec Fig.2.4)

d) Coplanar non concurrent forces: The forces, whose lines of action
lie in the same plane, but do not meet at one point are called as
coplanar non-concurrent forces.(Fig.2.5)

e) Coplanar non-concurrent parallel forces: The forces, whose line of
action lie in the same plane, do not meet at one point but parallel to
each other are called as coplanar non-concurrent parallel forces
(fig 2.6)

f) Coplanar non-concurrent non parallel forces: The forces, whose
line of action lie in the same plane, do not meet at one point and
not parallel to each other are called as coplanar non-concurrent non par
allel forces.

g) Coplanar non-concurrent like parallel forces: The forces, whose line
of action lie in the same plane, do not meet at one point parallel to
each other and acting in the same direction are called as coplanar
non-concurrent like parallel fores(fig2.7)

h) Coplanar non-concurrent unlike parallel forces: The forces, whose
line of action lie in the same plane, do not meet at one point, paral
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-lel to each other and do not act in the same direction are called as
coplanar non-concurrent unlike forces.(Fig.2.8)

2.7. Definition of Terms

a) Representation of a force: Force is a vector quantity. Magnitude, direc
-tion and point of application of a force are required to represent it (Fig.2.9)

b) Resultant force: When a system of forces acting on a body are re
placed by a single force which produces the same effect of all the
forces put together is called as resultant force. Let F1, F2,F3,
etc., are the forces acting on a body.  R is the resultant of all the
forces which cause the same effect.  The body has a tendency to
move in the direction of the resultant force.(Fig.2.10).

c) Equilibrium:
When the resultant of a system of forces acting on a body is zero, the
body will be in equilibrium.  The force, which applied to bring the
body into rest state is called equilibrant and it is equal in magnitude
and opposite in direction of the resultant force(fig 2.11)

  
F1 F2 F3

F4

F1 F2
F3 F4

 

F1 F2
F3 F4

Fig.2.6 Fig.2.7 Fig.2.8

F1

F2

F3

F4

R

Fig.2.10
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application

 

Fig. 2.9

Line of action
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d) Resultant of collinear forces:
Forces acting in a straight line are called as collinear forces.  The
resultant of collinear forces is the algebraic sum of forces, taking the
forces acting in one direction as positive and the other direcion as
neagative.(fig.2.12).

Sum of forces to the right = 60+120 = 180N
Sum of forces to the left = 70 + 30 = 100 N
Resultant = 180 - 100 = 80 N to the right.

2.8. Methods of finding resultant of forces
The resultant force of a given system of forces may be found out by

the following methods.

1) Law of parallelogram of forces
2) Method of resolution
3) Graphical methods

1) Law of parallelogram of forces
The Law states that “If two forces acting at a point are represented in
magnitude and direction by the two adjacent sides of a parallelo
-gram, their resultant will be represented in magnitude and
direction by the diagonal of the parallelogram, which passes through
the point of intersection”.

 

Body
Equilibrant Resultant
25N 25N

Fig. 2.11

 

Body
30N 60N70N 120N

Fig. 2.12
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Let two forces F1 and F2 acting at O, be reprsented by the straight lines
OA and OC in magnitude and direction as shown in fig 2.13. Com
plete the parallelogram OABC.  Join OC, which is resultant force.
Let θ  is the angle between two forces and α  is the angle between
resultant and force F1.  Produce the line OA and draw a perpendicular
from B to meet OA at M.
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( ) ( )

( )
( )12

2

2)(tanRe

,

,

,

22
21

2
2

2
1

21
222

2
2

1

22
221

22
2

2
1

2
2

2
21

2

22222

22

2

=+++=

+++=

+++=∴

++=

++=+=∆

==∴

==

=∠=
∆

θθθ

θθθ

θθθ

θθ

θθ

θθ

θ

CosSinCosFFFFR

CosFFSinCosFF

SinFCosFFCosFFRtsul

SinFCosFFOB

BMAMOABMOMOBOBMin

CosFAMandSinFBM
AB
AMCos

AB
BMSin

BAMFAB
ABMin

Q

Let the resultant (R) is making an angle α  with OA,
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21
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+
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Case : (1) If θ =0, i.e.,when the forces acting in the same line, R=F1+F2

2) If θ =900, i.e., when the forces acting at right angles, 2
2

2
1 FFR +=
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M
Fig.2.13
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Example 2.1

Find the resultant of the two forces whose magnitudes are 20KN and
50 KN acting an an angle of 600 with each other, using Law of parallelo-
gram of forces.

Solution:

Two forces F1 = 20KN and F2 = 50 KN
Angle between the forces = θ = 600

KN45.62390010002500400

cos60502025020

CosθF2FFFRforces,twoofResultant
22

21
2

2
2

1

==++=

×××++=

++=∴

( ) 01
21

1

1

89.43962.0Tanα

962.0
2520

30.43
60Cos5020

60Sin50
CosθFF

SinθFαTan

Fforceandresultantbetweenangletheisα

==

=
+

=
+

=
+

=

−

Example 2.2

The resultant of two forces P and Q is 120N.  If P is 60N and makes an
angle of 300 with Q. Determine the magnitude of Q and also direction of result-
ant. (I.P.E. March 98)

Solution:
Let the two forces are P and Q.
Resultant force (R) = 120 N
Force P = 60N and θ  = 300
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( ) ( )
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Let α  is the angle between resultant (R) and force P.
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Example 2.3
Find the magnitudes of two forces, such that if they act at right angle

their resultant is N113  but if they act at 600
, their resultant is 13N.

Solution:
Let the two forces are F1 and F2.

1) When the angle between the forces θ  = 900

)1(113,

113
2

2
2

1

2
2

2
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2
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2) When the angle between the forces θ  = 600

60213
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CosFFFF

CosFFFFR

++=

++= θ

Squaring both sides and substituting Eq. (1)
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Exercise 2.1
1. Two forces acting away from a point whose magnitudes are 150N

and 300N making an angle of 600 with each other.  Find the result
ant of forces using Parallelogram Law of forces (I.P.E., March 96)

2. Two forces 80N and 120N are acting at a point 0, at an angle of 900

to each other. Find the magnitude and direction of the resultant.
3. The resultant of two forces is 120N.  If first force is 50N and

makes an angle of 750 with second force. Find the magnitude of
second force and direction of the resultant.

4. Two forces act at an angle of 1500.  The greater force is 160N and
the resultant is perpendicular to the smaller force.  Find the smaller
force.

5. The resultant of two forces 60N and 100N. If 100N force is
doubled, the new resultant is perpendicular to force 60N.  Find the
magnitude and direction of the resultant.

6. Find the angle between two equal forces F, when their resultant is
(i) equal to F, and (ii)equal F/2.

2) Method of resolution :
Resolution of a force is defined as dividing the force into a number
of components.  Generally, the force is resolved into two mutually
perpendicular directions.
Consider a force F, is acting at a point O, making an angle θ  with X -
axis as shown in Fig 2.14

FX = Resolved part of force F
along X - axis

= F cos θ
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FY = Resolved part of force F
along Y - axis

= F sin θ

Consdier system of forces are acting at a point, resolve all the forces
horizontally and find the algebraic sum of all horizontal components

( )∑ XF , resolve all the forces vertically and find the algebraic sum of all

vertical components ( )∑ YF .  Now the resultant R of the system of forces

is given by the equation ( ) ( )22
YX FFR Σ+Σ=  and the resultant force is

inclined at an angle θ , with the horizontal, then

X

Y

F
F

Σ
Σ

=θtan

Note: The value of θ  depends on the values of YX FandF ΣΣ .

i) When XFΣ  is +ve, θ  will be in between 00  to 900 and 2700

to 3600. When XFΣ  is -ve, θ  will be in between 900 to 2700.

ii) When YFΣ is +ve, θ  will be in between 00
 to 1800 .  when

YFΣ is -ve, θ  will be in  between 1800 to 3600

Example 2.4

Find the magnitude and direction of the resultant of the four forces
8KN, 10KN, 20KN and 2KN as shown in fig.2.15

Solution:
Resolving all forces
along X - axis and y - axis.

 

C B

A
XO

Y

θ

FY

Fig.2.15
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300 450
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Force       angle FX = F Cos θ      FY = F Sin θ

8KN 450 8 Cos 450 = 5.656KN 8 sin 450 = 5.656 KN
10KN 600 10 Cos 600 = 5 KN 10 Sin 60 = -8.660KN
20 KN 300 -20 Cos 30 = -17.320 KN -20 Sin 30 = -10 KN
2 KN 300 -2 Cos 30 = -1.732 KN -2 Sin 30= 1 KN

Total XFΣ = -8.396 KN YFΣ  = - 12.004 KN

( ) ( ) ( ) ( )

10

X

Y

222
Y

2
x

155θ
8.396

12.004
ΣF
ΣFθTan

14.64KN
12.0048.936ΣFΣFRResultant

=⇒
−
−

==

=

−+−=+=

Example 2.5  A system of forces 2, 3,4,5 and 6 N are acting on one of the
angular points of a regular hexagon, towards the other five angular points,
taken in order.  Find the direction and magnitude of the resultant.

Solution: Resolving all forces along X - axis and Y- axis.

Force angle FX = F Cosθ FY = F Sin θ

2 00 2 Cos 0 = 2 N 2 Sin 00 = 0
3 300 3 Cos 30 = N35.1 3 Sin 300 = 1.5 N

4 600 4 Cos 60 = 2 N 4 Sin 600 = 32
5 900 5 Cos 90 = 0 5 Sin 900 = 5
6 1200 6 Cos 120 = - 3N 6 Sin 120 = N33

Total NFX 6.3=∑ NFY 16.15=∑

( ) ( )

( ) 101
X

Y

222
Y

2
X

39764.211Tanθ

4.211
3.6

15.16
ΣF
ΣFθTan

15.58N15.163.6ΣFΣF(R)Resultant

==

===

=+=+=

−



16 Forces and Moments
Fig.2.16 Shows system of forces

acting on the angular
points of a regular hexagon.

Example 2.6 The folowing forces are acting on a particle.  Find the magnitude
and direction of resultant.

1) 10N indined 300
  to North of East

2) 15 N towards North
3) 30 N inclined 450 North of west
4) 50 N towards south.

Solution : Fig. 2.17 Shows system of forces acting on the
particle. Resolving forces along East-West line
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A E D
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B
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300 300

300
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Fig.2.16
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80N

North

300

Fig.2.17
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( ) ( )
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3.09
12.55
38.78

ΣF
ΣFθTan
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Example 2.7 A particle which is at centre of a hexagon, acted upon by
forces 10N, 35N, 45N, 30N, F1 and F2., all in the same plane
and radiating from the centre and each force is acting along
angular points of the hexagon. Find the forces F1 and F2, if the
particle is in equilibrium.

Solution :  Fig.2.18Shows the particle 0, which is at Centre of hexagon
ABCDEF and acted by system of forces along OA, OB, OC,
OD, OE and OF. Resolving the forces along X - axis.
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Resolving the forces along Y - axis.

65N
2

15145F

1452F15
(i)equationinValueFSubstitute

(ii)15N
3

237.5F
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2
3F3150317.535

00sinF60sinF
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Exercise 2.2

1. Find the magnitude and direction of resultant force, for the system of
forces 18N, 12N, 20N and 35N acting at 600, 900,1500,1800

 respec
tively along the horizontal

2. Determine the magnitude and direction of the resultant of forces act
ing from a point as given below:
a) A force of 20N acting due East.
b) A force 60N acting at 300 North of East
c) A force 100 N acting at 450 North of West
d) A force 80N due South.

(I.P.E. March 95)
3) Find the resultant of force 10KN, 15 KN, 18KN, 25KN acting at an
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angular points of a pentagon, towards the other angular points taken
in order.

4) A wheel has 8 spokes equally spaced.  The forces acting in 6 con
secutive spokes are 50N, 60N, 80N, 100N, 120N, 150N respectively.
Find the forces acting in other two spokes

3) Graphical Methods:
The resultant of system of forces may also be found out graphically
by the following methods.
a) Law of triangle of forces. b) Law of polygon of forces.

a) Law of triangle of forces:
This law states. “ If two forces acting simultaneously on a particle be
represented by two sides of triangle taken in order, their resultant
is equal to third side of the triangle taken in opposite order.

This can also be stated as “If three forces acting at a point be repre
sented in magnitude and direction by the sides of a triangle taken in
order, they will be in equilibrium”.

Fig.2.19 Shows two forces F1 and F2 acting at point O.  Draw a line
ab parallel to force F1 and length equal to magnitude of force F1.  Similarly
draw a line bc parallel and equal to force F2.  Join ac, which is the resultant
force R in magnitude and direction.  The equilibrant is equal and opposite
to the resultant.

b) Law of polygon of forces:

This Law states, “If system of forces acting on a particle, be represented
in magnitude and direction by the sides of a polygon taken in order, then the

 

F2

F1
O b

R

a

C

Fig. 2.19

F2

F1
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resultant of these forces may be represented in magnitude and direction by the
closing side of the polygon taken in opposite order.

Let F1, F2, F3 , etc. are the forces acting at a point ‘O’ as shown in
Fig.2.20.  Let these forces are represented along the sides of a polygon such
that the sides, ab, bc, cd, de and ef, respectively parallel  and proportional to
forces.  Join ‘af’ which gives the resultant force in magnitude and direction.

2.9 Lami’s Theorem

It states that if three coplanar forces acting at a  point be in equilibrium,
then each force is poportional to the sine of the angle between the other two.

Let F1, F2 and F3 are three forces acting at a point ‘O’ as shown in fig
2.21 according to Lami’s theorem.

γβα Sin
F

Sin
F

Sin
F 321 ==

 
F3 F2

F1

β

α
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Fig.2.21
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R

F1

Fig. 2.20
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Example 2.8 A body of mass 10 KN is suspended by two ropes shown in
Fig.2.22. Calculate the forces in the ropes using Lami’s Theorem.

Solution.

Let F1 and F2are the forces in ropes AC and BC.
Applying Lamis theorem.

  
KN

Sin
SinF

KN
Sin
SinF

Sin
FF

Sin

66.7
90
13010

4.6
90
14010

130140sin90
10

2

1

0
2

0
1

==

==∴

==

Example 2.9 :
A weight of 15 KN hangs from a point as shown in Fig. 2.23 Cal-

culate the forces in strings AC and BC.

Solution :
Let  F1 = force in string AC

 F2 = Force in string BC
From the geometry of the figure

0

0

0

120
135
75

=∠

=∠

=∠

ACO
BCO
ACB

Applying Lami’s theorem,

A

F1

B
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14001300
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Fig.2.22
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2.10. Moment of a force

If a force is acting on a body, it also produces turning effect on the
body.  It is called as the moment of the force

lFMoment ×=∴
Where F = Force acting on the body

l  = The moment arm i.e., the distance between the point and the line
of action of force.  The moment of force is a vector quantity.  The unit for
moment is Newton - metre(N-m).

2.11. Types of moments

Moments are mainly classified into two types : (a) clockwise mo-
ments (b) Anti - clock wise moments.

The moment of force which turn or rotate the body in clockwise direction
is called clockwise moment, as shown in fig. 2.24.

The moment of force which turn or rotate the body in anti - clock-
wise direction is called anti - clcokwise moment, as shown in fig.2.25
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2.12. Principle of moments -Varginon’s Theorem

Varignon’s Theorem states that when a number of forces acting on a
body, the algebraic sum of moments about a point is equal to the
moment of their resultant about the same point.

Let F1, F2, F3 etc. are the forces acting on a body and the perpendicu-
lar distances from a point are l1, l2, l3, etc. Let F is the resultant of all these
forces acting at a distance L from the same point, then

...........
.......

321

332211

+++=∴
+×+×+×=×

MMMM
LFLFLFLF

2.13. Law of Moments

It state that “If a system of forces are acting on a body be in equilib-
rium thus the sum of clockwise moments is equal to sum of anti clockwise
moments, about any point.  This law is useful in finding the reactions of
beams and forces in frames, etc.

The following are the conditions of equilibrium of a rigid body sub-
jected to a system of coplanar forces.

1) The algebraic sum of resolved components of all forces is equal to
zero.

ΣH = 0 and Σ V =0

ΣH = Resolved components of forces in horizontal direction.

ΣV = Resolved components of forces in vertical direction.

ii) The algebraic sum of moments is equal to zero i.e. Σ M = 0

2.14 Couple

Two equal , opposite and parallel forces whose lines of action are
different form a couple.  The distance between the lines of action of the
two forces is called as arm of couple.  A couple will not produce motion of
a body in a straight line but produces rotation in the body.
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2.15. Moment  of Couple

The moment of a couple is the product of the force and the arm of
the couple.

M = F X d

Where M =  Moment of couple
F = Force of couple
d = Arm of couple

2.16 Classification of couples

The couples may be, mainly classified into two types.

1) Clockwise couple 2) Anti clockwise couple

A couple, which rotates the body in clockwise direction is called
clockwise couple.  A couple, which rotates the body in anti-clockwise di-
rection is called anticlockwise couple.

2.17. Characteristics of a couple

A couple (either clockwise or anticlockwise) has the following char-
acteristics.

1) The resultant force of a couple is zero.
2) The algebraic sum of the moments of the forces, forming the couple

is constant.
3) A couple can be balanced only by an equal and opposite couple in

the same plane.

Fig.2.26
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EXERCISE 2.3

1. A lamp weighing 150N is suspended by two strings of 6m and 8m
length fixed to ceiling 10m apart. Find the tension in the strings.

2. Two men carry a weight of 200N with the help of two ropes fixed
to the weight one rope is inclined at 450 and the other at 300 with
the vertices.  Find the tension in each rope.

3. Find the moment of force at hinge, when the beam is applied with
a force 100N at a distance of 500mm from the hinge.

4. Find the couple of force 15KN having an arm of couple 200MM

SHORT ANSWER QUESTIONS.

1. Define the following terms.
a) Force b)Vector c) Scalar d)Resultant e) Equilibrant

2. State the characterstics of force.
3. State the Law of trinagle of forces.
4. State Lami’s theorem
5. State law of polygon of forces.
6. State parallelogram Law of forces.
7. Define moment of force.
8. Define couple.

ESSAY TYPE QUESTIONS

1. State and explain classification of forces.
2. Find the resultant of two forces acting at a point by Law of paral

-lelogram of forces.
3. Define couple, moment of couple, characteristics of couple.
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3
CENTROID AND MOMENT OF INERTIA

3.1 Centroid

A body is made up of infinite number of minute particles.  Every particle
of a body is attracted by the earth towards its center.  The force of attraction
which is proportional to the mass of the particle acts vertically downwards and
is known as weight of the body.  The weights of individual particles act down-
ward and form a system of like parallel forces.  The resultant of this system of
forces known as the weight of the body and acts through a fixed point in the
body in position the body is held.  The fixed point is called as centre of gravity
of the body.  The plane figures like triangle, rectangle, circle etc. have only
areas, but no mass.  The center of area of such figures is known as centroid of
the body.

3.2 Method of locating centroid of simple figures.

The centroid of a surface may be found out by one of the following
methods:

a) Geometrical consideration
b) Method of moments
c) Graphical method

a) Geometrical consideration : The centre of gravity of simple fig-
ures may be found out from the geometry of the figure.

1) The c.g. of uniform rod is at its middle point.
2) The c.g of rectangle (or of a parallelogrm) is at the point, where the

diagonals meet each other.

3) The c.g. of a triangle is at the point, where the three medians
(a median is a line connecting the vertex and the middle point of
the opposite side) of the triangle meet.
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4) The c.g. of a Semi-circle is at a distance of π3/4r  from its base
measured along the vertical radius.  The c.g. of a circle is at its geo

metric centre.

5) The c.g. of a hemi sphere is at a distance of 8/3r  from its base
measured along the vertical radius.

6) The c.g. of a trapezium with parallel sides a and b is at a distance of

⎟
⎠
⎞

⎜
⎝
⎛

+
+

ab
abh 23/  measured from the side b.

7) The c.g. of a solid cone is at a distance of h/4 from its base, meas-
ured along the vertical axis.

8) The c.g. of a parabola is at 3h / 8 from axis and 3L/5 from vertex.

b) Method of moments:
Consider a body of area A and of uniform thickness.  Divide the

area into small areas A1, A2, A3.... etc., Let the c.g. of small areas are (X1,
Y1), (X2, Y2), (X3,Y3),.......... etc., from the fixed point O. Equating the mo-
ment of total area to the moments of small areas about OY
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A
AYYSimilarly

A
AXX

AXXAXAxA

∑
=

∑
=∴

∑=++= ...........2211

Where A = A1 + A2 +  A3 + ...............

c) Graphical method
This will be discussed in Graphic Statics chapter.

3.3 Axis of reference
The c.g. of a body is always calculated with reference to some as-

sumed axis known as axis of reference.  The axis of reference of plane
figures,  is generally taken as the lowest line of the figure for calculating

Y , and the left line of the figure for calculating X .

3.4 Axis of symmetry
Sometimes the body may be symmetrical about X-X axis or Y-Y

axis. In such cases we have to calculate either X  or Y  only.  This is due to
the reason that the c.g. of the body will lie on the axis of symmetry.

Example 3.1 Find the centre of gravity of a T-Section 12X20X 6cm..

Solution:
The section is symmetrical about y-axis.  The c.g. of the section will

lie on this axis.  Divide the section into two parts.  Take bottom line as axis
of reference.

 y

o xx1x2x3
Fig. 3.8

A1 A2 A3

A
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 a1 = area of part 1 = 12 x 6 = 72 Cm2

 y1 = c.g. of part 1 w.r.t. bottom line = ⎟
⎠
⎞

⎜
⎝
⎛ −

2
620  = 17cm

 a2 = area of part2 = (20-6) x6 = 84 cm2

cm

aa
yayay

cmy

61.11
156

5881224
8472

7841772

7
2

620

21

2211

2

=
+

=

+
×+×

=
+
+

=

=
−

=

Example 3.2 Find the centroid of an I-section:
Top Flange 80x 20 mm
Web 120x20mm
Bottom Flange 120 x 20mm
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20mm
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20mm
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Solution:
The section is symmetrical about y - axis.  The c.g. of the section

will lie on this axis.  Divide the section into 3 parts.  Take bottom line as
axis of reference to find Y .

a1 = area of part 1 = 80 x 20 = 1600 mm2

y1 = 2
20

 + 120 + 20 = 150 mm

a2 = area of part 2 =  120 x 20 = 2400 mm2

y2 = 2
120

  + 20 = 80mm

a3 = area of part 3 =  120 x 20 = 2400 mm2

Y3 = 2
20

 = 10mm

6400
2400019200024000

240024001600
1024008024001501600

321

332111

++
=

++
×+×+×

=

++
++

=∴
aaa

yayayay

= 71.25 mm from bottom line.

Example 3.3 Find the centroid of an angular section shown below
(I.P.E.March 1996)

Solution:
Here we have to find both x  and y  because the section is not

symmetrical about x  or y - axis.  To  find y , take bottom line as axis of refer-
ence.   To find x , take left line as axis of reference.  Divide the figure into two
parts.
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140mm

20mm2
X

1

Fig.3.11
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 a1 = area of part 1 = 140 x 20 = 2800 mm2

a2 = area of part 2 = 100 x 20 = 2000 mm2

 y1 = centroid of part 1 from X-X = mm9020
2

140
=+

 y2 = centroid of part 2 from X-X = mm10
2
20

=

x1 = centroid of part 1 from y-y = mm10
2
20

=

x2 = centroid of part 2 from y-y = mm50
2

100
=

Now,

mm
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xaxax
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yayay
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Example 3.4 A masonry dam is trapezoidal in section with one face verti-
cal. Top width is 5m and bottom width is 10m and height is 18m.  Find the
distance of centroid from vertical face and from the bottom line.

Solution:
To find y , take bottom line (O-X) as axis of reference.  To find x ,

take vertical face (O-Y) as axis of reference.  Divide the figure into two
parts.

a1 = area of part 1 = 18 x 5 = 90m2

a2 = area of part 2 = 1/2 x 5 x 18 = 45 m2

y1 = c.g. of part 1 = m9
2

18
=
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y2= c.g. of part 2 from O-X = 3
18

 = 6m

x1= c.g. of part 1 from O-Y = m5.2
2
5
=

x2= c.g. of part 2 from O-Y = m67.6
3
55 =+

3.89m
4590
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aa
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==−∴

Example 3.5

Determine the position of centroid of a lamina shown below.

Solution:

The section is symmetrical about y - axis.  So centroid lies on this
axis.  Find y .  To find y take base line as axis of reference.  Divide the
section into two parts.
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Example 3.6  Determine the centroid of the channel section 200x100x10mm

Solution:
The section is symmetrical about X-X axis.

So find x .  To find x , take left vertical
line (o-y) as axis of reference.
Divide the section into 3 parts.
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Example 3.7
Find the centroid of the square plate with a semi circle cutout shown
below.

Solution
The section is symmetrical about y- axis.  Take line DC as axis of

reference.  Divide the plate into two parts.

a1 = area of rectangle
= 200 x 200 = 40000 mm2
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DClinetopfrommm
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Example 3.8 Find the centroid of the circular section shown below.
Solution:

( )

( )
2

2

2

2

2

1

256mm1
4
40ΠaholeCircularofArea

11304mm
4
120ΠasectiontotalofArea

=

×
=

=

×
=

The section is symmetrical about x- axis.
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( )
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Exercise 3.1

1. Find the centroid of T-Section with top flange 100x20 mm and
web 100x20mm   (Ans: 8mm from botton)

2. Find the centroid of the sections shown below.
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Ans: a) y = 3.429 m from bottom edge.
x = 2.286m from left edge.

b) y = 61.11 mm from bottom edge
x = 18.57mm from left edge

c) y = 17.75 mm from the bottom edge
x = 50mm from left edge

d) y = 106.44mm from bottom edge
x = 87.97 mm from left Edge.

3. Find the centroid of an I - section whose
Top Flange : 150 x 50 mm
Web : 400 x 50 mm
Bottom flange : 300 x 100 mm

(Ans: y  =  198 .90 mm from base)

4. Find the centroid of an I - Section whose
Top flange : 150 x 20 mm
web : 150 x 20 mm
Bottom flange : 200 x  20 mm

(Ans: y =86.5mm from base)

5. Find the centroid of the section shown below.
(Ans: y =332.77mm From bottom edge)

Short Answer Questions

1. Define center of gravity.
2. State the position of centroid for the following sections.

a) Rectangle b) Triangle c) circle  d) Semi - Circle
3. Find the centroid of a triangle of base 80 mm and height 120 mm

from the base. ( Ans. 40mm)
4. State the methods of locating centroid.
5. Find the position of centroid of the section of one side vertical

trapezoidal section of top width 2m, base 8m and height 9m.
(Ans. 2.80m from vertical face)

100mm

200mm

500mm
20

200mm
 

 

 

 

 

 

200mm

  

20
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3.5 Moment of Inertia
Newton’s first law of motion states that everybody is in its state of

rest or of uniform motion along a straight line unless an external force acts
on it to change the state.   This property of a body to maintain its state is
called “Inertia”  It is changed by an external force acting on the body and
is proportional to the mass of the body.

Consider a lamina of area A.  The lamina may be divided into number
of small components of areas a1, a2, a3, etc. be at distances y1,y2,y3, etc.
from the axis OX and at distances x1,x2x3, etc., from the axis OY.

The product of area and perpendicular distance between the point
is called as first moment of area about the point.  If this is again multiplied
by the distance, then it is called second moment of area (or) moment of
Intertia (M.I).  Its unit in SI System is mm4.
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3.6 Moment of Inertia of plane figures:
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Name Shape M.I. About        M.I.about
X-axis(Ixx)         y-axis(Iyy)

Rectangle
(Solid)

Rectangle
(Hollow)

Circle
(Solid)

Circle
(Hollow)

Triangle

12

3BD
12

3DB
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3.7 Radius of Gyration

The radius of gyration of a given area about a given axis is defined
as the distance from the given axis.

mmisSystemS.I.inKforUnits
A
IK

GyrationofRadiusK
laminatheofAreaA
InertiaofmomentIwhere

AKI 2

=∴

=
=
=

=

3.8 Parallel Axis Theorem

The moment of inertia of a plane area about any axis parallel to
centroidal axis and at a distance of ‘h’ from the centre of gravity is the sum
of moment of inertia about centroidal axis and the product of the area and
square of the distance betwen the two axes.

  2AhII GGAB +=

Where IAB = M.I. of the area about an axis AB
IGG = M.I. of the area about its C.G.
A = Area of the lamina
h = distance between C.G. and axis AB.

3.9 Perpendicular Axis Theorem

Let I0x and Ioy be the moments of Inertia of a plane about two mutu-
ally perpendicular axes OX and OY as shown in figure.  The moment of
inertia about an axis OZ, perpendicular to OX and OY is given by

         IOZ  = IOX +  IOY
For circular section,

BA

 

G G
C.G

IGG

G

Fig.3.18
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IOX  =  IOY

OXOZ II 2=∴

3.10 Polar Moment of Inertia
The moment of inertia of an area, with respect to an axis perpen-

dicular to its plane is called polar moment of Inertia.  This property is very
useful in design of shafts.  It is usally denoted by J.

M.I. of a circular section =  I 0x = Ioy = 
64

4dΠ

By perpendicular axes theorem  IOZ = IOX + IOY  = 2 x 
3264

44 dd π
=Π

and 
8

4

32
2

4

d
d

d
K A

I

Oz

oz

=
Π

Π
==

Example 3.9  Find the moment of Inertia of a rectangle 200 mm X 600mm
about its base.

Solution:

Breadth B= 200 mm
Depth D = 600 mm

h = mm300
2

600
=

M.I. about centre of gravity

ICG =
12

600200
12

33 ×
=

BD

=  36  x 10 8 mm 4

y
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M.I. about its base ( Ibase) = I CG + A h2

= 36 x 108 + ( 200 x 600) (300)2

= 36 x 108 + 108 x 108  =  144 x 108 mm4

Example 3.10 Find the moment of inertia of a triangular section base width
100mm and height 60mm about its base.

Solution:
Base of the traingle (b)   = 100mm
Height of the triangle(h) = 60mm

M.I. about C.G. (ICG) = 
36

3bh

= 45
3

106
36

60100 mm×=
×

M.I. about its base (Ibase) = ICG + Ay2

Where A = Area of triangle
y = Distance of base from centroid

4555

2
5

10181012106
3

6060100
2
1106

mm

Ibase

×=×+×=

⎟
⎠
⎞

⎜
⎝
⎛
⎟
⎠
⎞

⎜
⎝
⎛ ××+×=∴

Example 3.11 Find M.I., Polar M.I. and radius of gyration of a hollow
circular section of 100mm external dia and 10mm thick.

Solution :
External Diameter = 100mm
Internal Diameter = 100 - 2 x thickness

= 100-2x10 = 80 mm
M.I. of hollow circular section
Iox (or) Ioy =

( ) ( )
46

4444

1089.2

80100
6464

mm

dD

×=

−=−
ππ

Polar M.I. ( Ioz)= Iox + Ioy
= 2.89 x 106 + 2.89 x 106

= 5.78 x 106 mm4
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Area (A) = ( )22

64
dD −

π

= ( )22 80100
64

−
π

= 176.79 mm2

radius of gyration=  
A
Iox

= mm86.127
79.176
1089.2 6

=
×

Example 3.12 Find the M.I. of a T - section about its centroidal x - axis
shown in fig. 3.23.

Solution :
(a1) area of part 1 = 300 x 100

= 30000 mm2

bottomfrommmy 250
2

1002001 =+=

(a2) Area of part 2 = 200 x 100 = 20000 mm2

2
200

2 =y = 100 mm from bottom

bottomfrom190mm
2000030000

1002000025030000
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yayay
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Distance of centriod of part 1 from XX axis

mmh 60190
2

1002001 =−⎟
⎠
⎞

⎜
⎝
⎛ +=

 300mm

300

100mm

100

Fig.3.23

 300

300
X

200
G

G2

1 0 0

100

X

2
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Distance of centroid of part 2 from XX-axis

mmh 90
2

2001902 =−=

M.I. of part 1 from X - X axis
2

1111
haII CGxx +=−

= 462
3

101336030000
12

100300 mm×=×+
×

M.I. of part 2 from x - x axis
2
2222

haII CGxx +=−

=  462
3

107.2289020000
12

200100 mm×=×+
×

Now  M.I of the whole section about its centriodal x-x axis
Ixx =

1xxI −  + 
2xxI − = 133 x 106 + 228.7 x 106

= 361.70 x 106  mm4

Example 3.13

Find the moment of inertia of the L - Section shown in Fig. 3.24
about its horzonal and verticl centroidal axis.  ( I.P.E. march 1997)

Solution:

Divide the figure into two parts.
Area of part 1 (a1) = 140 x 20  =  2800 mm2

oyfrommmx

OXfrommmy

10
2

20

9020
2

140

1

1

==

=+=

Area of part 2 (a2) = 100 x 20 = 2000 mm2
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mm
aa

xaxax

mm

aa
yayay

OYfrommmx

OXfrommmy

67.26
20002800

502000102800

67.56
20002800

102000902800

50
2

100

10
2

20

21

2211

21

2211

2

2

=
+

×+×
=

+
+

=∴

=
+

×+×
=

+
+

=∴

==

==

To find IX-x

Distance of centroid of part 1 from x - axis

mmh 33.3367.5620
2

140
1 =−⎟

⎠
⎞

⎜
⎝
⎛ +=

Distance of controid of part 2 from x - axis

mmh 67.46
2
2067.562 =−=

 

100mm

20

140mm

20mm

Fig. 3.24

 

100mm

160mm

G2 2 20mm

Y

C.G

1

y

G1

20

 X

X
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( )( )

( )( ) 462
3

2
22CGXX

462
3

2
11CGXX

mm104.4246.6720100
12

20100

haII

mm107.6833.3320140
12
14020

haII

22

11

×=×+
×

=

+=

×=×+
×

=

+=

−

−

16.67mm
2

2026.67h

axisyfrom1partofcentroidofDistance
IfindTo

mm1012.10104.42107.68

III
axisxaboutM.I.

1

yy

4666

XXX,XXX 2

=−=

−

×=×+×=

+=
−∴

−

−−

Distance of centroid of part 2 from y - axis

( )( )

( )( )

4665

yyyyyy

462
3

2
22CGyy

452
3

2
11CG1yy

2

mm103.62102.75108.71

IIIaxisyaboutM.I

mm102.7523.3320100
12
10020haII

mm108.7116.6720140
12

20140

haII

23.33mm26.67
2

100h

21

22

1

×=×+×=

+=−∴

×=×+
×

=+=

×=×+
×

=

+=

=−=

−−−

−

−

The calculations can be tabulated as shown below for Ixx
Part ICG mm4 Area  mm2 Centroid h2          ICG  + ah2

No Distance mm2          mm4

from X-X
h  mm

1 4.57 x106 2800 33.33 110.88      7.68x106

2. 6.67x 104 2000 46.67             2179.08     4.42x106

Total  = 12.10 x 106
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For Iyy

Part ICG           Area Centroidal h2     ICG + ah2 (mm4)
No mm4          a mm2 distance

from y-y(n)

1. 1.12 x 106 2800 16.67 277.89        8.71x105

2. 1.67 x 106 2000 23.33 544.28        2.75x106

Total  =  3.62 x 106

Example 3.14 Find the M.I. and radius of gyration for the I - Section
shown in fig. 3.25  about the centroidal axes.

Solution : Consider the section as a rectangle of 200 mmx 300 mm from
which two rectangles of 90mm x 260mm are to be removed.

M.I. about XX axis

IXX = M.I. of rectangle ABCD
- M.I. of rectangle EFGH & JKLM

=
12

2
12

33 bdBD
×−

=
12
260902

12
300200 33 ×

×−
×

= 18636 x 104 mm4

 

200mm

Y

20mm

300mm X20mm

y

Fig 3.25

X

E F

H G

J K

90

M L

260mm

A B

D C
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M.I. about yy axis

Iyy = M.I. of rectangle ABKE & HLCD + M.I. of rectangle FJMG

= 12
20260

12
200202

33 ×
+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ×

= 26.67 x 106 + 17.33 104 = 26.84 x 106 mm4

Area of the section (A)=200 x 300 - 2 (90 x  260) = 13200 mm2

= BxD - 2(bxd)
Radius of gyration about XX - axis

mm
A
IK xx

xx 81.11818.14118
13200

1018636 4

==
×

==

Radius of gyration about yy - axis

mm
A

I
K yy

yy 09.4533.2033
13200

1084.26 6

==
×

==

Example 3.15 Find moment of inertia of an I - section
Whose Top flange = 100 mm x 10 mm
Web = 200 mm x 10 mm
Bottom Flange = 160 mm x 10 mm

Solution:
Centroid:

The Section is symmetrical about y - axis.  So find y .  To find y
take bottom line AB as axis of reference. Divide the section into 3 parts.

a1 = 100 x 10  =  1000mm2

 

160mm

10mm

200mm XX

1 10mm

100mm

10

2

3

A B
Fig.3.26

Fig

Fig
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mmy 21510200
2

10
1 =++=  bottom line AB

a2 = 200 x 10  =  2000  mm2

mmy 10010
2

200
2 =+=  from AB

a3 = 160 x 10  =  1600  mm2

mmy 5
2

10
3 ==

160020001000
5160011020002151000

321

332211

++
×+×+×

=

++
++

=∴
aaa

yayayay

= 96.30 mm
M.I. about xx
Ix-x1 = M.I. of part 1 about x - x

= ICG1 + A1
2

1h

=          
12

10100 3×
+(100 x 10)(215-96.20)2=14.09 x 106 mm4

Ix-x2 = M.I. of part 2 about x - x = ICG2+A2 h2
2

( )( )

( )( )

2
11

3

2
11CG1

y1y

321

46

666
X3XX2XX1XXX

65
3

2
33CG3X3X

462
3

hA0.83
12
10010

hAI

yyabout1partofM.I.I
0hhhcentroid,throughpassingaxis-y

Y-YaboutM.I.
mm1034.48

1013.35107.041014.09IIII

1013.35596.3010160
12

10160

bAIXXabout3partofM.I.I

mm107.0496.3011010200
12
20010

×=
×

=

+=

−=
===∴

×=

×+×+×=++=∴

×=−×+
×

=

+=−=

×=−×+
×

−

−−−−

−
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Iy - y2 = M.I. of part 2 about y-y = 46
3

10017.0
12

10200 mm×=
×

Iy - y3 = M.I. of part 3 about y - y

= ICG3 = 6
3

1041.3
12
16010

×=
×

      ∴ Iy - y = Iy - y1 + Iy - y2  + Iy - y3 = 4.257 x 106 mm4

Example 3.16 Find the M.I. of a rectangular plate of size 200 x 300 mm
with a hole of 120 mm diameter as shown in fig.3.27 about AA and BB
axis.

Solution :
The section is summetrical about B-B axis and the centroid lies on

this axis at a distance of 2
300

 = 150mm

Distance between C.G. and A-A (h) = 150 - 110 = 40mm

M.I. of rectangle about A-A
IRectangle = I CG + Ah2

= ( ) 2
3

40300200
12

300200
×+

×

= 4.5 x 108 + 0.96 x 108  = 5.46 x 108 mm4

 B

300mm

A
110m

A

120

B
200

Fig.3.27
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M.I. of circular hole about AA

4844 1010.0120
6464

mmdIcircle ×=×==
ππ

M.I. of rectangular plate with circular hole about AA

( )

4888

43

4888

tanRe

109.11010.0102
64
120

12
200300

tan..
1036.5101.01046.5

mm

I

BBaboutholecircularwithplategularrecofIM
mm

III

BB

CircleglecAA

×=×−×=

−
×

=

×=×−×=

−=

π

Example 3.17

Find the M.I.  of a built - up section made of standard ISLB 100 and and
one plate 80 x 10 mm is shown in fig. 3.28

Solution:

The properties of the I - section are given in structural table as area of
cross-section (A) = 1021mm2 M.I. along X-X = IX-X = 168 X 104 mm4

Centroid :  The section is symmetrical about y - y. Divide the section into
two parts.

 

80mm

y

10mm

X

100
2

X

1

y

Fig.3.28



51 Engineering Mechanics

( )

linebottomfrommm
aa

yayay

16.74
1021800

2
1001021

2
101001080

21

2211

=
+

×+⎟
⎠
⎞

⎜
⎝
⎛ +×

=
+
+

=∴

M.I. along X-X

IX-X1 = M.I. of top rectangular plate
= ICG1 + A1 h1

2

= ( )( ) ( )yyh −=∴−×+
×

11
2

3

16.741051080
12

1080

= 7.67 x 105 mm4

Ix-x2 = M.I. of I- section
= ICG2  +  A2 h2

2

= 168 x 104 + 1021 (74.16 - 50)2  ( )22 yyh −=∴
= 22.7 x 105 mm4

21 xxxxxx III −−− +=∴
= 7.67 x 105 + 22.7 x 105  = 30.4 x 105mm4

Exercise 3.2
1. Find M.I. along X-X and y-y for the section shown in fig.3.29

2. Find the M.I. of a T- section having flange 150 x 20mm and web
150 x 20mm about centroidal X-X and Y-Y

 

20
mm

150mm

200mm

20mm

Fig.3.29
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3. Find the M.I. and least radius of gyration of I - section whose
Tope flange : 500 x 25mm
Web : 400 x 25 mm
Bottom Flange : 200 x 25 mm

(Ans : Ixx = 8.32 x 108 mm4
, I yy =  2.78 x 108 mm4

rmin  = 100.46 mm)

4. Find M.I. along centroidal X-X and y-y for the built - up section
with R.S.J (I- section) 200mm x 140 mm and with top plate 200x 10mm
The properties of R.S.J. are

Area of cross-section = 3670 mm2

IXX = 26.24 x 106 mm4

Iyy = 3.29 x 106 mm4

(Ans. Ixx  = 70.38 x 106 mm4  Iyy =  16.62 x 10 6 mm4)

5. Find the M.I. and radius of gyration of a section shown in fig. 3.30
about  its base. (Ans. Ibase = 4x 106

 mm4)

6. A built up section is made up of an ISHB 400 and two flat plates of
300x 20mm one at top and another at bottom.  Find M.I. about its centroidal
X-X and y-y axes.

The properties of I-section are
area  = 10466 mm2

(Ans. Ixx  = 2.88 x 108 mm4  Iyy = 0.28 x 108 mm4)

 
12cm

100mm

12mm

80cm

Fig.3.30
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Short Answer questions

1. Define moment of Inertia.
2. Define radius of gyration.
3. Define polar moment of Inertia.
4. Write the values of M.I. for the following

Sections : (a) Rectangle (b) Triangle (c) circle.
(d) hollow circle section

5. State parallel axis theorem
6. State perpendicular axis theorem
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4
SIMPLE STRESSES AND STRAINS

4.1 General

It is necessary to study the properties of the materials and behavior
of the materials under loads for design of structure in economical and effi-
cient way.  In general materials are classified into elastic, plastic and rigid
materials.  An elastic material when applied with loads undergoes defor-
mation in such a way that, the deformation disappears on the removal of
the load.  A plastic material when applied with loads undergoes deforma-
tion and the material will not return to its original shape and size when the
load is removed.  A rigid material  when applied with loads does not un-
dergo any deformation.

Elasticity:

A body is applied with loads undergoes deformation and the body
produces some resistance to the deformation, when the load is removed,
the resistance to deformation disappears and the body return back to its
original dimensions.  This is possible only, when the deformation is within
a certain limit.  This limit is called Elastic limit.  The properties of the material of
returning back to its original position after removal of the loads is called as elas-
ticity.

4.2 Stress

When a body is applied with loads, it under goes deformation.  But
the body will produce internal resistance to deformation.  This resistance
per unit area to deformation is known as ‘Stress’. Stress may be repre-
sented as force per unit area.

Mathematically A
Pf =

Where f = Stress
p = Load (or ) force acting on the body
A = Cross sectional area of the body.

4.3 Strain
When a body is applied with load the length of the body change from

l  to l+ lδ .  The ratio of the change in length to the original length of the
body is called strain.
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Mathematically l
e lδ
=

Where e = strain
lδ = change in length of the body

l = original length of the body

4.4 Types of stresses

1. Tensile stress: When a body is applied with a load, which
increase the length of the body as shown in fig 4.1 the stress devel
oped in the body is called tensile stress.  The corre
sponding strain is called tensile strain.

2. Compressive stress: When a body is applied with a load, which
decrease the length of the body as shown in fig. 4.2, the stress developed in
the body is called compressive stress.  The corresponding strain is called
compressive strain.

4.5 Mechanical properties of materials.

The study of mechanical properties of materials is necessary in the design
of structural members.  The important mechanical properties are

1. Elasticity: Any material when applied with loads undergoes defor-
mation.  When the load is removed, the body return back to its original
shape and size.  This is called elasticity.

2. Plasticity: Any material when loaded, shows elastic property upto a
certain limit.  Beyond this, the material does not get its original dimensions
on removal of load.  This is called plasticity.

P
 

Fig.4.1

P

Fig.4.2

P P
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3. Hardness: The hardness of a material is the resistance which it can offer
for penetration, scratching, abrasion. Diamond, cast iron, etc. have relatively
greater hardness than soft materials like copper, lead, etc.

4. Toughness:The toughness of a material is the resistance which it
can offer for twisting or bend ing.  Steel is tougher than cast iron.

5. Malleability:It is the property of the material to be extended in all direc-
tions by hammering or rolling.  Gold and silver have the greatest malleability
while cast iron and Nickel have the least malleability.

6. Ductility: It is the property of the material which can be drawn out
in the direction of the length. Gold and platinum have the highest ductility.

7. Brittleness:It is the property of the material which can’t be drawn
out in the direction of length. This is opposite of ductility. Brittle materials
get fracture even under small loads.

8. Fatigue: It is the property of the material to withstand cyclically
varying loads.

9. Creep: It is the property of the material by which a material in
tension will continue to elongate even under a constant load.  Generally
concrete structures are subjected to creep at high temperatures.

10. Stiffness: It is the property of the material to offer resistance to the
deflection due to loading on the beams.

4.6 Stress - Strain diagram for mild steel

Mild steel rods are tested for their yield strength in a laboratory using
universal testing machine.  A  test specimen is mounted in the testing machine and
a gradually increased axial tensile load is applied on it.  As the load is icnreased,
the length of the spcimen increases.  This change in length is measured by an
extensometer which is attached to the specimen.

The Stress and strain values are calculated.  A graph is plotted with
stress versus strain as shown in Fig. 4.3.  In the elastic range, the strain is
directly proportional to stress.  The point A is called limit of proportional-
ity.  When the load is increased, the stress increases and proportionately
strain increases.
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At any stress upto point B, the specimen will return to its original dimen-
sions upon removal of the load.  Beyond point B, the specimen will not be able
to return to its original dimensions on removal of load.  A permanent deformation
occurs when the material is stressed beyond this point.  So point B is called
Elastic limit.

With further increase of load, the stress increases slowly while strain
increases rapidly.  The point C on the curve, corresponding to this stress is
called yield point.  Beyond C, the material becomes a little hardened, and the
stress again increases with strain - until the maximum load is reached.  The stress
at D is called the ultimate stress.  The stress falls from D to E and the specimen
fails at E.  The stress at E is called breaking stress.

maximum load
Ultimate strength =

original area of cross-section

A=Limit of proportionality

B=Elastic limit

C=yield point

D=Ultimate stress

E=Breaking Stress

 

Strain

St
es

s

A

B C

D
E

Fig.4.3
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Working stress :

The main aim of designing structural member is to prevent failure
under given loads.  So the members are designed in such a way that the
stress on it is less than the maximum permissible stress, which is called the
working stress.

Factor of safety :

In designining the structural members the working stress should be
taken below the elastic limit.  Working stress is calculated by dividing the
ultimate stress with factor of safety.

4.7 Hooke’s Law

It states that when a material is loaded, within elastic limit, stress is
proportional to the strain.

ConstantE
Strain
Stressi.e. ==

Hooke’s Law is valid for tension as well as compression.

4.8 Modulus of Elasticity (or Young’s modulus):

A material is loaded, within elastic limit the ratio of stress to the
corresponding strain is constant.  This constant is called young’s modulus
or modulus of Elasticity, and is denoted by E.

E
e
f
=∴

Where f = Stress
e = strain
E = young’s modulus or modulus of Elasticity.

4.9 Deformation of a body under axial load

Consider a body of uniform cross section A and length l, is subjected
to an axial load p.  The deformation lδ  due to load p is given as stress
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AE
PnDeformatio

A
P

Strain
StressE

estrainand
A
Pf

l
l

l

l

l

l

=

==∴

==

δ

δ

δ

,

Table 4.1
The Values of E for different materials are given below

S.No. Material Young’s modulus (E) Kn/mm2

1 Mild steel 200 to 220
2 Cast Iron 100 to 120
3 Aluminium 70 to 80
4. Copper 110 to 120
5. Concrete 12 to 16
6. Wrought Iron 180 to 200
7. Timber 10  to 15

4.10. Units

In the SI units force is expressed in newtons.  The kilo newton(KN)
is equal to 1000 newtons.  In the MKS units force is expressed in kg. Stress is
expressed in various forms like  newton /mm2, newton / m2, kg/ cm2, kg/m2

1 N/ metre2 = 10 -6 N/ mm2

1 N/mm2 = 106 N/ metre2 = 1 mega newton / metre 2
= 106 pa ( pascal ) = 1 mpa

strain is a dimensionless quantity.
The units for modulus of elasticity are same as stress.

Example 4.1:

A steel rod 25 x 10 mm and 200mm long is subjected to an axial pull
of 55 KN. Find (i) the intensity of stress (ii) the strain (iii) elongation.  Take
E = 100 KN / mm2.
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Solution :

Area of cross - section = 25  x 10 = 250 mm2

Load on rod p = 55 KN = 55000 N

i) Intensity of stress = 2/220
250

55000 mmN
A
Pf ===

ii) Strain = 0022.0
10100

220
3 =

×
==

E
fe

iii) Elongation  ( )lδ  = strain x original length = 0.0022 X 200 =
0.44 mm

Example 4.2 :

A steel rod 25 mm in diamater and 1 metre long has to carry an axial
pull of 60 KN.  Find (i) the intensity of stress (ii) the strain and (iii) elonga-
tion.  Take E = 100 KN / mm2.

Solution :

Length of rod = 1m

Pull = P = 60 KN = 60000 N

Area of rod ( ) 22 9.49025
4

mmA =
Π

=

i) Intensity of stress 222.122
9.490

60000
mm

N
A
Pf ===

ii) Strain 3
3 1022.1

10100
22.122 −×=

×
===

E
fe

iii)Elongation =  mm
AE
P 22.1

10001009.490
100060000

=
××

×
==

l
lδ
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Example 4.3

A circular steel rod has to carry a load of 25 KN.  If the allowable
stress in the rod is 100 N/mm2.  Find the dia-of rod required.

Solution :

Load on rod P = 25 KN = 25000 N
Allowable stress F =  100 N / mm 2

Area of cross - section required 2250
100

25000 mm
F
PA ===

If d is the dia. of rod,

          mmAddA 47.31825044,
4

2 =
×

===
ππ

π

A dia. of  319 mm will be taken.

Example 4.4 :

A steel rod of 25mm in dia and 200mm long extends 0.25mm under a
tensile load of 40KN.  Calculate stress, strain and E. (I.P.E. March 2007)

Solution:

Length of rod = l  =  200 mm

Area of cross- section of rod A = ( )225
4
π

 = 490.60 mm2

Load  P = 40 KN = 40,000N

Elongation  δ l  = 0.25 mm

Stress 2/52.81
62.490

40000 mmN
A
Pf ====

Strain 31025.1
200

25.0 −×====
l

lδe
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∴  Young’s modulus = 23 65216
1025.1
52.81

mm
N

e
fE =

×
== −

Example 4.5:

A hollow cast iron pipe has to carry an axial load of 360 Kn.  Its
external diamter is 22 cm,  ultimate stress in the pipe is 600 N/ mm2 and
factor of safety is 3.  Find the internal diamter of the pipe.

Solution:

Axial load = 360 KN = 36000N
External diamter = 22 cm = 220 mm
Internal diamter = d
Ultimate stress = 600 N / mm2

Factor of safety = 3

( ) ,180220
4

180
200

36000sec

/200
3

600

22

2

2

=−∴

=

===−

==

=∴

d

mm
Stress
LoadArequiredtioncrossofArea

mmN

SafetyofFactor
StressUltimatefstressAllowable

π

Example 4.6 :

A steel bar of uniform diameter 25 mm is subjected to axial forces as
shown in Fig.4.4.  Find the toal change in length of the bar.  The Es = 200KN/
mm2

mmmmd

d

d

22047.21971..48170

29.229220

29.2294180220

22

22

≅==

−=

=
×

=−
π

80KN
16KN

125KN 45KN

350mm

 
A B C D

350mm 350mm

Fig.4.4
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Solution: part AB:

∴  Change in length AE
p 11 l=

( )
( )Extension0122.0

20025
4

3004
2

1 =
×

×
= πδ l

Part BC :

Tensile load = 4 KN - 2 KN = 2 KN

2lδ = AE
P 22l

 ( )
( )Extension0.010mm

20025
4
π

5002lengthinChange
2

=
×

×
=∴

 

4KN 4KN

A B

CD
300 mm

 

2KN 2KN

B C

500 mm

 
C D

8KN 8KN

800 mm
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Part CD :
Tensile load = 8 KN

  ( )
( )Extension0.016mm

20025
4
π

8008
AE

PlengthinChange
2

33 =
×

×
==∴

l

∴  Total extension in the bar = 
mm0385.0

016.0010.00122.0321

=
++=++ lll δδδ

Example 4.7

A circular brass rod is to carry a tensile load of 10 KN.  If the average
stress is not to exceed 50 N/mm2, What diameter of rod is required (IPE
Sept, 1995)

Solution:

load = 10 KN = 10000 N
Average stress = 50 N/ mm2

Diameter of rod = d mm

Stress = Area
Load

Area = 2200
50

10000 mm
stress
Load

==

mmd

d

d

1696.1577.254

77.2544200

200
4

2

2

≅==

=
×

=

=

π

π

4.11 Shear stress and shear strain

Consider a rectangular block of length L and height H fixed at the
bottom face AB.  Let a force P be applied tangentially on the face AB.  As
a result of the force P, the different horizontal layers try to slide over one another
and the block be distorted.
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From ABCD to ABC1D1 as shown in Fig.

For the equilibrium of the block,  it should offer a tangential reaction p
equal and oppsite to the applied tangentail force P.  The intensity of the shear
resistance produced in the block is called as shear stress.

areashear
resistanceShearqstressShear ==∴

The angular deformation φ  in radians is called as shear strain.

∴  Shear strain = L
cc1=φ

4.12 Shear modulus or modulus of Rigidity

When the shear deformation is within elastic limit, the ratio of the
shear stress to the corresponding shear strain is called as shear modulus or
modulus of Rigidity.  Generally it is denoted by N,C, or G.

StrainShear
StressShearRigidityofModulus =∴

Nq
==

φ
4.13 Longitudinal and Lateral Strain Poisson’s Ratio

Consider a rectangular bar of length l , width b, depth d be subjected
to a tensile load P.  The length of the bar along its longitudinal axis will
increase while the lateral dimensions like width and depth will decrease.
Let lδ  is the increase in the length of the bar and db δδ ,  be the decrease in
width and depth.

 

 
A B

CD1D C1

θ θH

  L

Fig.4.5
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l

lδ
=∴ strainalLongitudin

Lateral Strain d
dor

b
b δδ

=

Within elastic limits, the ratio of the Lateral strain to the longitudinal
strain is called as poisson’s ratio and it is denoted by 1/m.

StrainalLongitudin
StrainLateral

m
1ratiosPoisson' ==∴

4.14 Volumetric Strain

When a body is subjected to force, it undergoes changes in its di-
mensions which causes change in volume.  The ratio of change in volume
to original volume is called as volumetric strain.  Generally this is denoted
by ve

⎟
⎠
⎞

⎜
⎝
⎛ −==

=∴

m
e

v
ve

Volumeorignal
VolumeinChangeStrainVolumetric

v
21δ

Where  e = strain

m
1  = poisson’s ratio

4.15 Bulk Modulus

When a body is subjected to three equal mutually perpendicular
stresses, the ratio of direct stress to the corresponding volumetric strain is
called as Bulk modulus.

ve
f

StrainVolumetric
stressDirectKModulusBulk ===∴

P P

LFig.4.6
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Assume that, the three stresses cause volumetric change, total volumetric strain

⎟
⎠
⎞

⎜
⎝
⎛ −=

m
eev

213

⎟
⎠
⎞

⎜
⎝
⎛ −

=
⎟
⎠
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⎜
⎝
⎛ −

==∴

m

E

m
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f
e
fK
v 213213        ⎟

⎠
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⎝
⎛ =

e
fEQ

4.16 Relation between Elastic constants:

The Elastic constants of a material are
E = young’s modulus 1/ m = poisson ratio
N = Rigidity modulus K = Bulk modulus

The relationship between the Elastic constants are given as

NK
KNE

m
KE

m
NE

+
=

⎟
⎠
⎞

⎜
⎝
⎛ −=

⎟
⎠
⎞

⎜
⎝
⎛ +=

3
9

213

112

Example 4.8:

A round bar 20 mm diameter and 200 mm long was tested in tension.
The increase in length was found to be 1.5 mm while the decrease in its
diameter was 0.03 mm.   Calculate the longitudinal strain,  lateral strain and
poisson’s ratio.  ( IPE, March ‘96)

Solution :

Diameter of the bar = d = 20 mm
length of bar  = L = 200 mm
Increase in length = δ L = 1.5 mm
Decrease in diameter  = δ d = 0.03mm

Longitudinal Strain = 200
5.1

=
L
Lδ

 = 7.5 x 10-3
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Lateral Strain = ==
20
03.0

d
dδ

 1.5 x 10-3

Poisson’s ratio = StrainalLongitudin
StrainLateral

m
=

1
 = 20.0

105.7
105.1

3

3

=
×
×

−

−

Example 4.9:

A steel rod 20 mm diameter, 500 mm long is subjected to an axial
pull of 160 KN.  Find the change in length, diameter, change in volume Take E
= 2 x 105 N/ mm2 and poisson’s ratio is 0.3.

Solution :
Diameter of steel rod = 20mm
Length of steel rod = 500mm

Area of cross section of steel plate = ( )220
4
π

=314 mm2

2

2-
5

3

23
3

1025.0

100.25
102
100.5

E
StressStrain

N/mm100.5
314

10160
sectioncrossofArea

LoadStress

−×=∴

×=
×
×

==

×=
×

==

l

lδ

change in length ( lδ ) = 0.25 x 10-2 x 500 =  1.25 mm

Lateral strain =  Poisson’s Ratio X Linear strain

22 10075.01025.03.0 −− ×=××=
d
dδ

Change in diameter ( dδ ) = 0.075 ×10-2 ×  20 = 1.5 X 10-2  mm

Change in volume (v) = =××=× 50020
44

22 ππ
ld  157000 mm3

Volumetric strain ⎟
⎠
⎞

⎜
⎝
⎛ −=

m
eev

21

= [ ]3.0211025.0 2 ×−× −  = 0.1 ×  10-2

    ∴  Change in volume vδ  = v ×  ev  =157000 ×  0.1 ×  10-2 = 157 mm3
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Example 4.10 The young’s and Bulk modulus of material are given as 2 x 105

N/ mm2 and 1.6 x 105 N/mm2.  Find rigidity modulus and poisson’s ratio.

Solution :

Young’s Modulus E= 2 x 105 N/mm2

Bulk Modulus  K = 1.6 X 105 N/mm2

Using the relation between Elastic constants.
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EXERCISE 4.1
1. A steel bar 5.6 m long and 25mm diameter is subjected to an axial pull of
200N.  The elongation in the bar is 0.16mm.  Determine the stress and strain in
the bar also find Young’s Modulus of the bar.

2. A circular concrete pillar has to carry a compressive load of 1650
KN.  The permissible stress in the pillar should not exceed 72 N/mm2.
Find the diameter of the pillar?

3. A steel rod of diametre 25 mm has to carry system of loads as shown
in figure.4.7.  Find the total change in the length of the rod.  Take E = 200 KN/
mm2

 80KN 16KN125KN 61KN

B C

*350mm           *            850mm        *           400mm
Fig. 4.7
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4. A metal bar of cross section 25mm x 12.5mm and of length 1.6 m is
subjected to an axial pull of 120 KN.  Find the changes in the dimensions of the
bar.  Take E = 2 x 105 N/mm2, poisson’s ratio = 1/3.

5. A bar of diameter 30mm and length 450 mm has to carry a tensile
load of 170 KN.  The change in the length of bar is 0.32mm and the reduc-
tion in the diameter is 0.025mm.  Calculate (1)Young’s modulus (ii) poisson’s
ratio (iii) change in volume.

6. The following readings were observed in a tension test on a metal bar:

original diameter = 22mm
Gauge length = 210 mm
Load = 18.6KN
Change in length = 0.024mm
Change in diameter = 0.00018mm

Calculate the values of Elastic constants.  Also find the change in volume

7. A hollow metal pipe 4 m long has 200 mm outer diameter and 10mm
thickness.  It has to support a compressive load of 400 KN. Calculate the
decrease in length of the pipe.  Take E = 100KN/mm2

8. A steel plate of length 4.6m, width 100mm and thickness 30mm is
subjected to an axial pull of 24 KN.  Calculate the changes in length, Width,
thickness and volume of the steel plate.  Take E = 210KN/mm2, 1/m = 0.29

4.17 Composite sections

A composite section consists of two or more different materials rig-
idly connected together.  The load applied on the member will be shared by
each member of the section.

Consider a composite section made of different materials as shown
in fig.4.8

A1, A2 are the areas of individual members and their Modulus of Elasticity are
E1,E2 respectively. P is the load applied on the section.

Let P1 , P2 are the loads shared by individual members.
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P = P1 + P2  -- (1)

Let f1 , f2 are the stresses in the individual members,

Then P = f1A1 + f2 A2  -- (2)

Since the members are rigidly connected, the length of all members
of the composite section is the same, the deformation of the individual
member will be same.  The strain in each member will be same.

Let the strains in the individual members are e1, e2

∴  e1 = e2 ........... 3

or  
2

2

1

1

E
f

E
f
= ..................  4

Example 4.11

A short reinforced concrete column is of square shape 400mm side.
It is reinforced with 4 steel bars each 22 mm dia.  placed near the corners.
Assuming ratio of young’s modulus of steel to young’s modulus of con-
crete is 18.  Calculate the stress in concrete and steel when the column
carries an axial compressive load of 750KN. (IPE, Sept. 95)

Solution :

Area of column A = 400 x 400 = 160000 m2

Area of steel 22 152122
4

4 mmAs =××=
π

Area of concrete Ac = A - As = 160000 - 1521
= 158479 mm2

Since the strains in individual members are same,

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==×=∴

=

=

18
18 c

ss
s

s

c

s

s

c

c

sc

E
Eff

E
Efc

E
f

E
f

ee

Q

A1    E1

A2    E2

Fig 4.8
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Load shared by steel (Ps) = fs . As = fs x 1521

Load shared by concretes (Pc) = fc Ac = s
s ff 39.8804158479

18
=×

sscs ffPPP 39.88041521 +=+=
750 KN = 10325.39fs

2s
c

2
s

4.035N/mm
18

72.64
18
ffconcreteinStress

72.64N/mm
10325.39

750000fSteelinStress

===

==∴

Example 4.12:

A steel rod 25 mm dia and 600 mm long is fixed in a copper tube of the
same internal diameter and thickness 12.5mm. The composite section  has to
carry a compressive load of 180KN.  Determine the stresses developed in steel
and copper.  Take 2525 /102.1,/101.2 mmNEmmNE cs ×=×= .

Solution:

Area of the steel rod 22 78.49025
4

mmAs =×=
π

outer dia-of copper tube D = 25 + 2 thickness = 25 + 2 x 12.5 = 50mm

Area of copper tube ( )22

4
dDAc −=

π

( )
2

22

87.1471

2550
4

mm=

−=
π

In composite section, strain in steel rod (es) = Strain in copper tube (ec) - (1)
Load shared by steel rod + load shared by copper tube = Load.

fs As + fc Ac = P     ----------- (2)

From Equation (1) es = ec ⇒ c

c

s

s

E
f

E
f
=

cc
c

s
s ff

E
Ef 5

5

102.1
101.2

×
×

=×=

)3(75.1 −−−−−−−−=∴ cs ff
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Substitute Equation (3) in Equation (2)
100018087.147178.49075.1 ×=+×∴ cc ff

Stress in copper (fc) = 222.77
73.2330

180000
mm

N=

Stress in steel (fs) = 1.75×77.22=135.15 2mm
N

Example 4.13

Two copper rods each of cross- sectional area of 300  mm2 and a steel
rod of cross sectional area 2200  mm2 together support a rigid uniform beam
weighing P newtons as shown in fig.4.9.  The stresses in copper and steel not to
exceed 160 N/mm2 and 380 N/mm2 respectively.  Find the intensity of load.
Assume Es /Ec = 2.

Solution :

Since the strains are equal in different materials of composite section
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E
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ee

2==

=

=

Area of copper rod Ac = 600 mm2

Area of steel rod As = 2200 mm2

Length of copper rod l c = 40cm = 400 mm
length of steel rod l s = 60 cm = 600 mm

Decrease in length of copper rod ( ) c
c

c
ccc E

fe lll ×==δ

 Decrease in length of steel rod slδ = eclc = c
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Fig.4.9
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Since the change in length of  copper and steel is same

22 /285380
4
3

4
3/380

3
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lll

This is more than the allowable stress( 2160 mm
Nfc =Q )

If 2160 mm
Nfc =  then 233.213160

3
4

3
4

mm
Nff cc =×== .  This is less than

the allowable stress 380 N/mm2.
( ) ( )6002852220033.2132, ×+×=+=∴ ccss AfAfpLoad

               KNN 32.811811326 ==
4.18. Temperature stresses

When the temperature of a composite section is either increased or de-
creased there will be change in the dimensions of the body.  If this change is
prevented stress will be developed in the body.

The stress induced in a body due to prevention of deformation caused by
change in temperature of the body is called temperature stress.

When the temperature of the bar is increased the bar expands and
when decreased it contracts.  If the body expansion is prevented due to rise
in temperature compressive stresses will be developed in the body and if
contraction is prevented in the body due to fall in temperature tensile stresses
will be developed in the body.  The amount of expansion or contraction of
the material depends on its co-efficient of Linear expansion.  It isdefined as the
increase in length of a body per unit rise in temperature and is denoted by a
Greek letter ( ).Alphaα In SI units the temperature is measured as kelvin (k)

[ ]Kc 15.2731 00 =

Consider a bar of length l , co-efficient of linera expansion α  and Young’s
modulus E, heated to a temperature of ∈  Kelvin
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Expansion in the bar = tαl

   ( i ) If both ends of the bar are fixed temperature strain tt αα
==

l

l

   ( ii )Temperature stress = tEα
If the ends yield by an amount e, expansion
prevented = free expansion - yield of ends

= tαl  -e

Temperature strain 
l

l et −
=

α

Temperature stress = ⎟
⎠
⎞

⎜
⎝
⎛ −∈

=
l

l eE α

Example 4.14:

A stell  rod of 20mm diameter and 3m long is connected to two grips at a
temperature of 1200c.  Find the pull exerted when the temperature falls to 500C,
if

a) The ends do not yield
b) The ends yield by 0.04 mm

Take E = 2 x 105
 2mm

N
  α  = 12 x 10-6 / 0C ( IPE, March ‘96)

Solution:

Area of the rod 22 16.31420
4

mm=×=
π

Contraction in the rod due to decrease in temperature

( )
mm

t
52.2

5012010123000 006

=
−×××== −αl

a) When the ends do not yield.

31084.0
3000

52.2 −×==

=
lengthoriginal
preventednContractiostraineTemperatur
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Temperature stress = strain X  E

= 0.84 x 10 -3 2 x 10 5 = 168 N / mm2

Load (or ) pull exerted = Temperature stress x area
= 168 x 314 . 16  = 5.17 X  104 N

b) The ends yield by 0.04 mm, the contraction prevented = 2.52 - 0.04 =
 = 2.48 mm

41027.8
3000

48.2 −×==straineTemperatur

Temperature stress      = strain x E
      = 8.27 x 10-4 x 2 x 105 = 165 . 33 N/mm2

Load (or) pull exterted  =  165.33 x 314 .16 = 5.19 x 104 N

Example 4.15:

A steel rod of length 5m is at a temperature of 200 kelvin.  Find the
increase in length when the temperature is increased by 50 kelvin.  Find the
temperature stress in the bar when the free expansion is prevented 61012 −×=α
per kelvin and E = 200 KN / mm2

Solution :

length of steel rod  = 5m = 5000 mm
Increase in temperature = 50 kelvin
Co-efficient of linear expansion ( α  ) = 12 x 10-6 per kelvin
Increase in length of bar ( ) ∈= αδ ll

= 12 x 10-6 x 50 x 5000 = 3mm

Temperature stress in the bar, when the exapansion is prevented =  E∈α

= 12 x 10-6 x 50 x 200 = 0.12 N/mm2

EXERCISE4.2

1. A copper bar 40 mm diameter is inserted into a steel tube of 50 mm
external diameter and 5mm thick.  If the lenght of the arrangement is  3000 mm,
find the stresses and expansion in copper and steel when it has to carry a load of

200 KN.  Take sc EE
2
1

=
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2. A steel rod 20mm dia and 30m long is placed in a brass tube of 30mm
outer dia and 5mm thick.  The composite section is subjected to a compressive
load of 150KN.  Find the stresses produced in steel and brass.

2525 /101,/101.2 mmNEmmNE bs ×=×=

3. A bar of length 5m is rigidly held between two ends and heated through
600K.  Calculate the temperature stress in the bar.  Tak E = 2 x 105 N/mm2 and
α  = 11 x 10-6 per kelvin.

4. A steel rod 25mm diameter and 8m long is fixed between two grips at a
temperature of 1600c. Find the pull exerted when the temperature is decreased
to 80 0 C

a) If the ends do not yield
b) If the ends yield by 1.1 mm

CmmNETake 0625 /1012,/102 −×=×= α

5. Two parallel walls 15m apart are stayed together by a steel rod of
50mm diameter at a temperature of 1200C.  Determine the stresses in the
rod when the temperature falls down to 700

C,  if

i) the ends do not yield.
ii) the ends yield by 10mm

CmmNETake 0625 /105.12,/102 −×=×= α
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5
SHEAR FORCE AND BENDING MOMENT

5.1 Introduction:

A beam is a horizontal member designed to support loads.  These
loads act at perpendicular to the axis of the beam.  The loads cause bend-
ing in the beam.  Beams are generally made with timber, steel, R.C.C. etc.,
and are provided to support floors, roofs, walls, etc.

5.2 Types of beams:

Based on the end conditions of the member the beams are classi-
fied as (fig. 5.1)

(a) Cantilever beam (b) simply supported beam
(c) over hanging beam (d)  fixed beam (e) continuous beam.

a) Cantilever beam:

This is the beam in which one end is fixed and the other end is
free.

b) Simply supported beam

This is the beam in which the beam is freely resting on two end supports.
The distance between the face of the supports is called clear span and the cen-
tre distance of end supports is called effective span

c) Over hanging beam

The beam is simply supported at two points and extended at one or
both ends beyond the supports.

d) Fixed beam

The beam is fixed at both ends.

e) Continuous beam

The beam which has more than two supports.  The span between the
supports may be equal or unequal.
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5.3 Types of supports

Based on the nature of support and the support conditions, the beam
supports are classified as: [Fig 5.2]

a) Simple supports b) Pin or hinged supports
c) Roller supports d) Fixed supports

a) Simple supports:
A simple support offers resistance to vertical movement only.  It will

not offer any resistance to other movements like horizontal movement or
rotation.

b) Pin or Hinged supports

A pin or hinged support offers resistance to vertical and horizontal
movement.  It will not offer resistance to rotation.

c) Roller supports:

A roller support offers resistance to vertical movement only.  It is
similar to simple support.

d) Fixed supports:

A fixed support offers resistance to lateral movement and rotation.  It
holds the beam rigidly.  It offers vertical reaction, horizontal reaction and
moment reaction.

5.4 Types of loads:

A beam may be subjected to the following types of loads: [Fig.5.3]

a) point or concentrated load
b) Uniformly distributed load
c) Uniformly varying load.

a) Point or concentrated load

A load acting at a point on a beam is known as point or concentrated
load.
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(a)

(c)

(b)

(d)

(e) Fig.5.1

Clear Span
effective span

(a)

 
(c)

(d)

(b)v

v

 

Fig.5.2

H 

Fig.5.3(c)

      
 

      
 

(a)

   

W/m
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b) Uniformly distributed load.

A load which is uniformly spread over a beam such that each unit
lenth is having same load is known as uniformly distributed load.  It can
also written as U.D.L.

c) Uniformly varying Load

A load which varies uniformly on each unit length is known as uni-
formly varying load.

5.5 Shear force and Bending moment

Shear force at any section of a beam may be defined as the algebraic
sum of vertical forces to the right or left of the section.

Bending moment at any section of a beam may be defined as the
algebraic sum of the moments of the forces, to the right or left of the sec-
tion.

5.6 Sign conventions

Different sign conventions are used in different books regarding shear
force and bending moment at a section.  In this book, the following sign
conventions are used.

a) Shear force

A shear force which is right upward or left downward at a section is
said to be positive.  Similarly a shear force which is left upward or right
downward at a section is said to be negative.

 

 

 

 

+S.F - S.F

Fig. 5.4
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b) Bending moment

If a beam is subjected to clockwise moment to left hand side and
anticlockwise moment to the right hand side, it causes sagging of the beam.
Sagging moment is positive bending moment.

If a beam is subjected to anticlockwise moment to left hand side and
clockwise moment to right hand side,  it causes hogging of the beam.  Hog-
ging moment is negative bending moment.

5.7 Shear force and bending moment diagrams

The shear force and bending moment values vary from section to
section on the beam.  They depends on the type of loading on the beam.
These values may be calculated and plotted along the base line of the beam.

In shear force diagram the values of shear force are plotted as ordi-
nates along the base line.  The base line represents the axis of the beam.

This graphical representation of variations of shear forces is known
as shear force diagram (S.F.D.)

In bending moment diagram the values of moments are plotted as
ordinates along the base line.  The base line represents the axis of the beam.
The graphical representation of variations of bending moments is known
as bending moment diagram (B.M.D.)

While drawing the B.M. or S.F. diagrams, positive values are gener-
ally plotted above the base line and negative values below it.  These dia-
grams are very useful in designing of beams.

  

 

  

 

+B.M - B.M
Fig. 5.5
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5.8. S.F. and B.M. diagrams for cantilever beams

1) Cantilever with a point load at the free end
Let a cantilever beam AB of length L carrying a point or concentrated

load W at free end.  Consider a section XX at a distance of ‘x’ from free end.

Shear force at the section xx Fx = - w( -ve due to right downward)

This value is constant for all sections of the cantilever.  Hence the S.F.D.
is a line parallel to the base.

Bending moment at the section XX
Mx = - Wx ( - ve due to hogging)

Here the bending moment depends on x.

At x = 0, Bending moment ( M0) = 0

x = L,       Bending moment ( ML ) = -WL

Fig.5.6

B.M.D
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The bending moment will change uniformly from free and to fixed end as an
inclined straight line.

Example 5.1:

A cantilever beam of span 5m is subjected to a point load of 10KN at a
distance of 2m from free end. Draw shear force and bending moment diagram.

Solution :

Shear Force:
FB=0
FC=-10KN (-Ve due to down ward)
FA=-10KN
Bending moment:
MB=0
MC=0
MA=-10x(5-2)=-30KN-m

Example 5.2:

A Cantilever 8m long is subjected to concentrated loads of 10,20,30
and 40KN at a distance of 2,3,5 and 7m from free end. Draw shear force
and bending moment diagram. State the position of maximum shear force
and bending moment (I.P.E,march 1995).

Solution :

Shear force

FB = 0
FC = -10 KN
FD  = -10 - 20 = - 30 KN
FE = - 10 -20-30 = - 60 KN
FF = -10 - 20-30-40 = - 100 KN
FA = -10 -20-30-40 = - 100 KN

B.M.D

A
5m

30KN-m

S.F.D

B

2

-10KN-Ve

-Ve

10KN

C

Fig. 5.7
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Bending moment :

( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

mKN
M

mKnM
mKnM

mKNM
M
M

A

F

E

D

C

B

−−=
−−−−−−−−=

−−=−−−−−−=
−−−−−−=

−−=−×−=
=

=

290
7840583038202810

190573037202710
7035202510

102310
0

0

    

 

 

 

 

  

  

40KN 30KN 20KN 10KN

F E D C
3m

7m
5m
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Fig. 5.8
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Maximum shear force is at A, Fmax = - 100 KN
Maximum Bending moment is at  A, Mmax = - 290 Kn-m

(2) Contilever with uniformly distributed load

Let a cantilever beam AB of length L, carrying a uniformly distributed load
w per unit length as shown in Fig. 5.4.  Consider a section XX at a distance of
‘x’ from free end.

Shear force at the section XX

FX = - wx ( -ve due to downward load)

At x = 0 , F0 = 0

At X = L,  FL  = - WL

The shear force diagram will be
an inclined straight line, 0 at B and WL at A.

Bending moment at XX,

A B

-wl -ve

SFD

BMD

L

x

Fig.5.9

-ve

2

2WL−

x

x w/m
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2
,

0,0
22

.

2

2

WLMLxAt

MxAt

WxxWXM

A

B

X

−
==

==

−
=−=

The bending moment diagram is a parabola with a value of 0  at  B and

2

2lW−
 at the fixed end A.

Example 5.3:

A cantilever 3 m long is loaded with a U.D.L. of 10 KN/m for entire span.
Draw SFD and BMD.

Solution:

Shear Force
FB = 0

FA = - 10 x 3 = - 30 KN

Bending moment :

MB = 0

mKNM A −−=××−= 45
2
3310

Example 5.4:

A cantilever 5 m long is loaded with a u.d.l load of 20 Kn/m for 1 m
length from free end and concentrated loads of 8 KN and 12 KN at distances of
2m and 3m from free end.  Draw SFD and BMD.

Solution :

Shear force

A B

-30KN -ve

SFD

BMD

3m

Fig.5.5

-ve

10 KN/m
  

-45KN-m



88 Shear force and Bending Moment
FB = 0
FC  = -20 x 1= - 20 KN
FD = -20 x 1 - 8 = - 28 KN
FE = -20 x 1 - 8 -12 = -40 KN
FA = - 20 x 1 - 8 - 12 = - 40 KN

Bending moment :

  

 

 

 

 

  

  

12KN 8KN

F E
1m

3m
2m

5m
 

-40KN

-40KN

-28KN

A B

-138KN-m

-58KN-m

-30kn-m

-10KN-m
-ve

SFD

-20KN-m

-ve

B.M.D

Fig.5.11
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( )

( ) ( ) ( )

( ) ( ) ( ) ( )

mKN

M

mKN

M

mKNM

mKNM

M

A

E

D

C

B

−−=−−−=

−−−−⎥⎦
⎤

⎢⎣
⎡ −+×−=

−−=−−=

−−⎟
⎠
⎞

⎜
⎝
⎛ −+×−=

−−=⎟
⎠
⎞

⎜
⎝
⎛ +×−=

−−=××−=

=

138242490

351225815
2
1120

58850

23813
2
1120

301
2
1120

10
2
1120

0

EXERCISE - 5.1

1. A cantilever beam 5m long carries point loads of 2,3, 5 KN at 1, 3, 5
m from fixed end. Draw SFD and BMD.

2. A cantilever beam 6 m long carries a point load of 10 KN at 2 m from free
end.  Draw SFD and BMD.

3. A cantilever beam 4m long carries an u.d.l. of 2 Kn/m over the half
length from free end.  Draw SFD and BMD.

4. A cantilever beam of 6m is subjected to a uniformly distributed load
of 20 N/m and point loads of 100 N and 200N at distances of 2m and 4 m
from fixed end.  Draw shear force and bending moment diagrams.  Show
the position where maximum shear force and Bending moment occurs.
(I.P.E. March, 1996)

5. A cantilever AB is 6m long fixed at end A carries point loads of 10KN,
8KN, 12KN at 2m, 5m, 6m from fixed end.  Draw SFD and BMD.

(I.P.E. March 2007)
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5.9 S.F. and B.M. Diagrams for simply supported beams

1) Simply supported beam with point loads.

Let a simply supported beam (S.S.B.) AB of length L carrying a point
load W at its centre.

Let RA and RB are the reactions of supports A and B
Taking moments about A,

22

2

2

wwwRwR

WR

LWLR

BA

B

B

=−=−=

=∴

×=×

Shear Force :

Shear force at any section between B and C is constant and is equal to +

2
w

 (upward positive).  Shear force at any section between A and C is also

constant and is equal to - 2
w

 (unbalanced vertical force 22
www

−=− )

 
A C

w

B

RBRA

w/2 -ve

w/2

SFD

wl/4+ve

B.M.D.

+ve

L

L/2

Fig. 5.12
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Bending Moment:

The bending moment at free ends is zero. It increases by a straight line
and is maximum

at the centre where S.F. bending of mement at c changes sign

( )saggingtodueveWLLwM C ++=×=
422

Example 5.5

A simply supported beam 4m long is subjected to two point loads of
2 KN and 4 KN each at distances of 1.5 m and 3m from the left end.  Draw
S.F.D. and B.M.D.

Solution:

Equating clock-wise moments with
anti-clockwise moments
Taking moments about A,

( ) KNR

KNR

R

A

B

B

25.275.342

75.3
4

15
345.124

=−+=

==

×+×=×

Shear Force:

KNF
KNF
KNF

KNBatforceshearF

A

D

C

B

25.2
25.2225.0
25.0475.3

75.3

−=
−=−−=
−=−+=

+==

Bending Moment:

( ) ( ) mKNM
mKNM

MM

D

C

BA

−=−×−−×=
−=×=

==

375.35.1345.1475.3
75.3175.3

0

 2KN 4KN

4m

1.5m

2.25Kn

0.25KN

3.75KN

3.375Kn-M 3.75KN-M

+

A BD
3 m

C

Fig. 5.13
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(2) Simply supported beam with u.d.l.

Let AB is a simply supported beam of length L is subjected to u.d.l. of W
per unit run,

Let RA , RB are the reactions at supports A & B.

Taking moments about A,

22
.

2

22

2

WLWLLWR

WLR

WLLLWLR

A

B

B

=−=

=

=××=×

Shear force :

( )

( )

0
22

int
22

2

=−+=

=

−=−==

++==

WLWL
poMidCatforceShearF

WLWLWLAatforceShearF

veupwardRightWLBatforceShearF

C

A

B

 
A BL

c

+ve

-ve

SFD

wl2/8

wl/2

wl/2

BMD

w/m
  

Fig 5.14
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 Thus S.F.  is equal to 2
WL

 at B and decreases uniformly by a stright line Law,

to zero at the mid-point of the beam.  It continues to decrease uniformly to

2
WL−

 at A.

Bending Moment:

MA = MB= 0 (Q  Simply supported ends)
MC = Bending moment at mid point

( )...
884

22222
222

MBMaxWLWLWL

LLWLLWL

=−=

⎟
⎠
⎞

⎜
⎝
⎛×−×=

Example 5.6

A simply supported beam 6 m long is carrying a u.d.l. of 2 kn/m over
a length of 3m from the right end.  Draw SFD and BMD calculate the
maximum B.M.

Solution:

Taking moments about A,

KNR

KNR

R

A

B

B

5.15.432

5.4
6

27

3
2
3326

=−×=

==

⎟
⎠
⎞

⎜
⎝
⎛ +×=×

Shear force:

( )veUpwardLeftKnRF
KnRF

KNRF

AA

BC

BB

−−=−=
−=−=×−+=

+=+=

5.1
5.166.432

5.4
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Bending Moment :

mKNM

MM

C

BA

−=××−×=

==

5.4
2
33235.4

0

Maximum B.M. will occur at a point where S.F. changes sign. Let M be the
point and x is the distance between C and M.

( ) ( )

mKN

M

mx
xx

xx

−=

⎟
⎠
⎞

⎜
⎝
⎛ −

−−−×=

=
−=

−
=∴

06.5
2

75.0375.03275.035.4

75.0
5.15.45.4

5.4
3

5.1

max

 BA 6m

3m

M +

SFD

4.5KN

B
MCA

1.5

2KN/m

+
4.5KN-m

5.06KN-m

 

Fig. 5.15

B
A
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Example 5.7

Draw SFD and BMD for the beam shown in Fig.5.16 also find maximum
values of S.F., and B.M.

Solution :
Taking moments about A,

( )
KN
RR

KNR

R

BA

B

B

362460
410812

24
6

144

58212
2
44106

=−=
−×++=

==

×+×+××=×

 

36KN
4KN

16KN
SFD

16KN
24KN

2 m 2 m 1 m 1 mA B

12KN 10KN/m
8KN

E D C

 
   

BMD

50 52
.8

40 24

Fig. 5.16
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Shear Force:

( )
KNRF

KNLeftF
KNRightF

KNF
KNF
KNRF

AA

E

E

D

C

BB

36
1612210824

4210824)(
16

16824
24

−=−=
−=−×−−+=

−=×−−+=
=

=−=
+=+=

S.F. Changes sign in section ED.  Let x be

the distance between A and the point where SF is zero.

mx

xFNow X

4.2
10
24

0101236,

==∴

=++−=

Bending moment:

mKNM

mKNM
mKNM

MM

E

D

C

BA

−=××−×−×=

−=×−×=

−=×=
==

52
2
221038424

4018224
24124

0

maximum bending moment will occur where S.F. changes sign.
At x = 2.4m, from left support,

( )

mKN

M X

−=

××−−−×+=

8.52
2
4.24.21024.2124.236
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EXERCISE 5.2

1. A simply supported beam of span 4m has to carry a load of 10KN at
the centre.  Draw S.F.D. and B.M.D.

2. A horizontal beam, 12m long, simply supported at its ends is sub-
jected to vertical point loads of 10KN, 20KN and 25 KN at 3m, 7m and
10m from the left support respectively.  Draw the S.F. and B.M. diagrams
indicating the values at salient points. (I.P.E. Sept. 95/March 2007)

3. A simply supported  beam of 4m long is loaded with u.d.l. of 10KN/
m for a length of 2m from left  supplort.  Draw S FD and BMD.

4. A simply supported beam of 6m long is loaded with u.d.l. of 20N/m for a
length of 3m starting at 1.5 m from left support.  Draw S.F.D. and B.M.D.

5. A simply supported beam 10m long is loaded with an u.d.l. of 150N/m
on a length of 4m from the right hand support.  It is also carrying a point load
of 100N acting at 3m from left support.  Draw S.F.D. and B.M.D.

5.10 S.F. and B.M. diagrams for over han`ging Beams

An overhanging beam is a beam, which overhangs from its support.
It may overhang on one side only or on both sides.

Point of contraflexure :

An overhanging beam may develop both sagging and hogging bend-
ing moments.  Hence, in an overhanging beam there will be a point, where
the B.M. will change sign from negative to positive or vice versa.  This
point is called point of contraflexure.

Examples 5.8

A beam of 6m is supported at left end and at a distance of 1m from
right end.  It carries a point load of 20KN at a distance of 2m from left
support.  It also carries a load 10KN at free end, Draw SFD and B.M.D. for
the beam.
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Solution :

Taking moments about A,

( ) KNR

KNR

R

A

C

C

10201020

20
5

100
6102205
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==

×+×=×

Shear Force:

KNF
KNF

KNF

B

C

D

10202010
102010

10
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−=

20KN 10KN

10KN

20KN 10KN

20KN-m

10KN-m

2m 3m 1m

A
B C D

B.M.D

 

Fig. 5.17
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Bending moment:

04052060
2205610

20320403410
10110

0

=−×+−=
×−×+×−=

−=×+−=×+×−=
−−=×−=

=

BA

BB

C

D

RM
mKNRM

mKNM
M

Point of contraflexure:

Let the point of contraflexture be at a distance x from c.

 4KN 6KN5KN

5 m
1.5M

2 m

m

4KN

11.3KN

6KN

13.7

B
D

AC

SFD

6.77KN-m

M

6KN-m 12KN-m

 

B.M.D.

13.7KN

Fig. 5.18
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( )
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xRxM Bx
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01010
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Example 5.9

A beam 8.5m long, rests on supports 5m apart.  Right hand side
overhangs to 2m and left hand side overhangs to 1.5m.  The beam is carry-
ing loads as shown in fig.5.18. Draw SFD and BMD.  Find the point of
contraflexure.

Solution:

Taking moment about A,

( )
KN

R

KNR

R

A

B

B
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Shear force:
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Bending moment

mKnM
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MM
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B

CD
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65.14
1226
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Maximum bending moment, positive or negative, will occur at points where S.F.
changes sign.  Here it will occur at point A or M or B.  Let x be the distance
between B and M.  We know,

( )

mKN

M

mx

xx

m

−+=

××−×++−=∴

=∴

−
=

77.6
2
74.274.2574.27.1974.226

74.2
3.11

5
7.13

The maximum bending moment will occur at B

mKNM −−=∴ 12max

Point of contraflexure:

Let the point of contraflexure be at a distance x from B.

( )
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mandm

xx

xxxxM X

91.362.0
52

12546.226.22

0126.225

0
2

57.1926

2

2

=
×

××±+
∴

=+−

=−++−=

EXERCISE 5.3

1. A beam of 6m is supported at left end and at a distance of 1m from right
end.  It carried a point load of 20KN at a distance of 2m from left support.  It
also carries a load of 10KN at a free end.  Draw shear force and Bending
moment diagrams. (I.P.E. March 96)

2. A beam of 8m is supported at a distance of 1m from left end and at a
distance of 2 m from right end.  It carries two point loads 4KN and 6KN at left
and right ends respectively.  It also carries a u.d.l of 5KN/m over the entire
span.  Draw SFD and BMD.



102 Shear force and Bending Moment

3. A beam of 6m long is simply supported at 1m from each end.  It carries
two point loads of 30 KN each at the two ends and 50KN at mid span.  Draw
SFD and BMD and find the points of contraflexure.

4. A beam of span 5m is supported at left end and at a distance of 2m
from right end.  It carries a point load of 15KN., at 1.5m from left end.  It
also carries a u.d.l. of 20 KN/m over entire span.  Draw SFD and BMD.
Locate points of contraflexure.

5.11 Relation between rate of loading, SF and BM.

Consider a beam carrying a uniformly distributed load of W per unit length.
Now consider two sections AB and CD at a distance dx apart.  The load acting
between these two sections is equal to w.dx.

Let F = S.F. at AB
F + df  = S.F. at CD
M = B.M. at AB
M + dm = B.M. at CD

Since the beam between the sections is in equilibrium, equating the unbal-
anced vertical forces,

F + W.dx =  F + dF

 )1........(....................w
dx
dF

=∴

Thus the rate of change of S.F. at any section is equal to the intensity of
loading.

  
 

A D

B C
dx  

A

B

D

Cdx
Fm+dm

 

Fig. 5.19
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Similarly equating the moments in the section,

F
dx
dM

)dxquantitysmallofSquaretheg(NeglectinF.dxdM

dMM
2

w.dxF.dxM

2

2

−=

−=

+=−−

Thus the rate of change of B.M. is equal to the S.F. at the section.  For
maximum B.M. the S.F. is zero.

SHORT ANSWER QUESTIONS

1. What are the types of beams?

2. What are the types of loads acting on beams?

3. Explain effective span and clear span of a beam.

4. Define shear force and bending moment.

5. St ate the values of max. S.F. ad Max. B.M. and their positions for

a simply supported beam with u .d.l. over the span.

6. Define point of contraflexure.

7. A cantilever beam 3m long is loaded with a u.d.l. of 2 KN/m over

its whole length.  Draw SFD and BMD.

8. Draw and explain bending moment diagram of a simply supported

beam carrying point load at the middle of the span.

9. Explain briefly the relationship between shear force and Bending

moment at a section.
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6
GRAPHIC STATICS

6.1. Introduction:

In Mechanics, many problems are solved by two methods.

1. Analytical method 2. Graphical Method.

In some problems the solutions are very cumber some.  These problems
can be solved very easily by graphical methods.   It is a simple method
used to find forces in the members of a truss, to find the c.g. of plane
figures, to draw SFD and BMD for loaded beams.  In this method the
accuracy of the result depends on the care taken regarding the construc-
tions.

6.2 Bow’s Notation

The loads on beams, forces and different members of a frame are
represented by two capital letters, placed in the spaces on either side of
them either clockwise (or) anti-clockwise.  This is called as Bow’s nota-
tion.  Fig.6.1 shows Bows notation for a system of forces.

6.3 Space and vector diagrams:

Space diagram is simply a scaled diagram showing the point of ap-
plication and line of action of the forces.  This diagram represents the ex-
act location of the force (or) load including the support reactions drawn to
any suitable scale.

After drawing the space diagram, the next step is to draw the vector
diagram.  This diagram shows the magnitude, direction and sense of each
force of the space diagram.

 

A B

C
DE

Fig.6.1
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6.4 Resultant of system of forces graphically:

Let P and Q are two co-planar concurrent forces acting on a body at
O.  The resultant of the two forces can be found out graphically by draw-
ing space diagram and vector diagram.

Procedure:

       1.     Draw the space diagram and name the forces according to Bow’s
notation.

2. Draw a line ab to represent the force AB (force p) to suitable
scale.

3. From b, draw bc parallel to the force BC ( force Q ) to the
same scale.

4. Join ac which gives the magnitude of the resultant R.

5. In the space diagram draw a line through O and parallel to ac.

6. Measure the angle with reference to any force P or Q which
gives direction of the resultant.

C

 

O

C
Q

R

P
B

A
Space diagram Fig.6.2

 

R

a b
Vector diagram

FIG. 6.2
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Example 6.1

Find the resultant of two forces 150N and 250 N act at a point at an
angle of 600

Solution:

1. Draw the space diagram to show the two forces and name the
forces according to Bow’s notation.

2. Draw a line ab to represent force 150 N to suitable scale (for
example 1 mm = 5N)

3. From b, draw bc parallel to the force 250N to the same scale.
4. Join ac which gives the magnitude of the resultant R.
5. In the space diagram draw a line through O and parallel to ac.
6. Measure the angle with reference to force 150N which gives

the direction of the resultant

Result: 1) Length of ac = 70 MM
    2) Resultant force (R)  = 350N
    3) Direction of resultant with reference to 150N force  = 380 121

Example 6.2
Find the resultant force for the system of forces 100, 150, 200,

250 and 300N mutually acting at 300, 600, 1200 and 2000

Solution:
1. Draw the space diagram to represent the forces and name them

as poer bow’s notation.

 

O

C
250N

R

150NB
A

600

Space diagram

Fig.6.3

 

R

a b

Vector diagram
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2. Draw a line ab representing the force AB to a suitable scale
say 1 mm = 5N

3. At b draw a line bc parallel to the force BC to the same scale,
at c draw cd parallel to the force CD, etc.

4. Join  af, which is the resultant. In the space diagram draw a
line parallel to af and passing through ‘o’. Measure the angle
of  the resultant with reference to any force.

Result :
1. The length of the line af  = 31 mm
2. The magnitude of the resultant = 155N
3. Direction of  the resultant =800 with 100N force.

d

a b

c

e

f

R
 

Vector diagram

 

300N 100N

150N

20
0N

25
0N

20
00

12
00

60
0

300

E

D
C

B

Fig.6.4Space diagram
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Example 6.3

A wheel has five equispaced spokes. The force acting in three spokes
are 6KN, 7KN and 5KN. Find the forces acting in the other two spokes for
the wheel to be in equilibrium.

Solution :

The five spokes are equispaced, so the angle between adjoining spokes
will be 3600/5 =720.

1. Draw the space diagram with angle between adjoining spokes as 720.
Represent the forces by Bow’s notation.

2. Draw vector diagram abcd to represent the forces 6KN, 7KN, 5KN
to suitable scale say 1CM=1 KN.

3. Draw line ‘de’ parallel to DE and ‘ea’ parallel to EA to intersect at e.

4. Measure the lengths de and ea which give the magnitudes of  forces
in spokes DE and EA.

Result :

1) Force in spoke DE =7.2 KN
2) Force in spoke EA =5.6 KN

 

D

C
B

A

E

5KN

7K
N

6KN
720

Space diagram

 

a b

c

d

e

Vector diagram(Scale 1cm=1KN)

Fig. 6.5
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Example 6.4

Four forces 100N, 200N, 250N, 350N act along the sides of a square
of side 1.5m. Find graphically the resultant

Solution :

1. Draw the space diagram and name the forces as per Bow’s notation.

2. Draw the vector diagram abcde parallel to forces. Select pole ‘o’
join oa, ob, oc, od and oe.

3. Draw lines parallel to oa, ob, oc, od and oe cutting the lines of  forces
AB, BC, CD and DE at1,2,3 and 4 in space diagram.

4. Extend the first and last sides, draw parallel lines to oa and oe in
space diagram to meet at a point5.

5. At 5 draw a parallel line to ae and measure the perpemdicular distance
between this line and any corner of square.

Result :

1. The magnitude of  the resultant = 212N

2. Direction of the resultant = 450 to horizontal

5

 
A

350N

200N

100N

250N

E

D 4

C

B

Space Diagram
R

1

2

3

Fig. 6.6
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Example 6.5

A beam of  4m long is simply supported at the ends. It is loaded with
three like parallel forces 2KN, 3KN and 4KN act at 1m, 2m and 3m
respectively  from the left end. Find the reactions at the ends.

Solution.

1. Draw the space diagram of the beam using suitable scale 10mm=1m.
Mark the point loads.

2. Draw a vector diagram to a suitable scale of 10 mm= 1KN. Name
the points.

3. Select a pole o and join oa, ob, oc,od and oe.

4. Draw a funicular polygon 12345 join 1 and 5.

5. In the vector diagram draw a line parallel to 1-5 line and passing
through o. It cuts the line at f. Measure df and fa which gives
reactions of supports.

Results.

1 The reaction at left support = 4KN

2 The reaction at right support =5KN

e

a

b c

d
o

Vector Diagram
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EXERCISE 6.1

1. Find the resultant force of  system of  forces 300N, 600N, 400N and
200N making angles of 300, 1200, 2250 and 330

0
respctively with a horizontal

line. Use graphical method.

2 A particle is acted upon by three forces of 50N, 100N and 120Nalong
the three sides of  an equilateral triangle. Find graphically the magnitude and
direction of  the resultant.

3 Find forces 8KN, 4KN, 6KN and 10KN act at the corner of a regular
pentagon of  side 1m. The direction of each pull is along the bisector of the
angle at the corner. Determine graphically the magnitude and direction of
the resultant.
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4 A simply supported beam of span 6m is supported at its ends. It carries
point loads of 30KN, 20KN, 30KN and 20KN at distances of  1m, 2m, 3m
and 4m respectively.

5 A simply supported beam AB of  span 8m is loaded with point loads
of  10N, 15N, 30N at distances of  2, 4 and 6m from right support. Determine
graphically the support reactions.

6.5 Graphical method of  finding the centroid

       The following procedure is used to find the centroid of plane areas.

1 Divide the given area into number of regular figures.

2 Draw parallel lines through centroid of each part in horizontal and
vertical directions and name the spaces as per Bow’s notation.

3 Draw vector diagram and find the resultant in two directions. The
point of intersection of two resultant lines is the centroid of the area.

Example 6.6

Determine graphically the centroid of  a T-section 180 mm X 20 mm
X 20mm

 

 

180mm

20mm

120mm

20mm

A

B

C

9
P

R

q
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a
b c
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Vector DiagramSpace Diagram

G

G1

G2

  

Fig. 6.8
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1 The figure is symmetrical about y-axis so the cenroid lies on this
line. Draw a space diagram to a scale 1:3.

2 Divide the area into two rectangles and locate the centroids by joining
the diagonals

3 Draw horizontal lines from centroids and name the speces as per
Bow’s notation.

4 Draw a vector diagram to a suitable scale 1 mm = 100 mm2 . Draw
lines ab and bc to repre sent the areas of rectangle. Select a
pole O and join oa, ob and oc.

5 Draw lines parallel to oa, ob citting AB and BC at p and q respectively.
At point q draw a line parallel to oc. The extensions of lines oa and
oc meet at a point R.

6 Draw a parallel line from R meeting the vertical line of space diagram
at G. Measure the distance G from top or bottom of T- section. The
centroid G is at a distance of 120 mm from
bottom.

6.6 Graphical method of drawing S F D and B M D

The following procedure is adopted to draw S F D and B M D
graphically for the loaded beams :

1 Name the spaces as per Bow’s notation. Project the lines of action of
forces in the space diagram.

2 Draw vector diagram, select a point at suitable distance (say 50 mm)
and join the points. This is polar diagram.

3 Project the horizontal lines from vector diagram. Join the points of
intersections. This is S F D.

4 Construct a funicular polygon and complete the polygon by drawing
closing line. This is B.M.D
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Example 6.7

A cantilever beam of span 6 m is loaded with point loads of 4 KN and 2
KN at a distance of  2 and 5 m from fixed support. Graphically draw S F D and
B M D.

Solution.

1 Draw the space diagram to a suitable scale. Name the spaces as
per Bow’s notation. (Fig. 6.9)

2 Draw the vector diagram abc, select a pole ‘o’ and join oa, ob
and oc.

3 Draw horizontal lines through points a,b and c, join the
points of intersections. This is S.F D.

4 Measure the maximum ordinate in SFD and multiply with
vector scale gives the maximum shear force.

5 Draw the corresponding funicular polygon. This is B.M.D.
Measure the maximum ordinate in B.M.D and multiply with
bending moment scale gives the maximum bending moment.

Scale of B.M.D

1 mm = space scale X Vector scale X polar length
=100 X0.1X 50=500 KN-mm
=0.5 KN –m

 Example 6.8

A simply supported beam of  span 4m is subjected to a u.d.l of 2 KN/m
over the whole span. Draw S.F.D and B.M.D using graphical method.

Solution.
1) Draw the space diagram to a suitable scale.  The U.D.L. on the beam
should be converted into equivalent point loads.  For this, divide the span into 8

equal parts each 0.5m long.  Load in each part ⎟
⎠
⎞

⎜
⎝
⎛ =× KN1

8
42  is a point load

acting at the mid point.  Name the spaces as per Bow’s notation.
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Vector Diagarm
Scale 1mm =  0.1KN

Result : 1) Maximum shear force = 6kN
   2) Maximum bending moment = 18KN-m
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2) Draw the vector diagram.  Select a pole ‘O’ at a distance of 50mm and
join the points.

3) Draw funicular polygon and the line drawn parallel to the closing line of
the funicular polygon from the pole cuts the load line at ‘e’.

4) Draw a line parallel to the span through ‘e’.  Project the points a,b,b,c,d...in
the respective spaces A,B,C,D,.... to get the S.F.D. In projecting the S.F.D. a
series of vertical steps would be obtained under each point load.

5) The B.M.D. Can be drawn by joining the verticals of the funicular Polygon
by a smooth curve.

EXERCISE 6.2

1 Find  the centroid of I-Section with top flange – 80 X 20 mm, web –
100 X  20 mm, bottom flange 100X 20 mm. Use graphical method.

2 Graphically find the centroid of L-section 150 mm X 100 mm X 10
mm

3 A cantilever of 6 m span is carrying point loads of  15 KN, 20 KN
and 30 KN from fixed end at a distance of 2,4 and 6 m. Draw S.F.D
and B.M.D graphically

4 A cantilever beam of span 5 m is subjected to a u d l 12 KN /m
throughout the span Draw S.F.D and B.M.D graphically. Find
maximum S.F and B.M values.

5 A simply supported beam of  span 5 m is carrying point loads of  2
KN, 4 KN, 6 KN at points 1, 2.5, 4m from left end. Draw S.F.D and
B.M.D.

6 A simply supported beam of span 6m is subjected to an u.d.l of 15
KN/m over the entire span. Draw S.F.D and B.M.D graphically. Find
maximum SF and B.M


